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Summary. Let (X(¢), t€S) be a real-valued stochastic process with P(X (0)
=0)=1 and P(lim X (f)=o0)=1. In this paper we are interested in the
t~* oo

reluctance of such a process to tend to infinity. This entails determining
the rate of escape of the associated process (inf X (s), teS), the so-called
future infima process. szt

Mathematics Subject Classification (1990 ): 60J65, 60G17, 60J15, 60F05

1 Introduction

Let (X (2), teS) be a real-valued stochastic process with P(X(0)=0)=1 and
P(lim X (f)=o0)=1, where S may denote either [0, c0) or the nonnegative
t— o0

integers. In this papet, we are interested in the reluctance of such a process
to tend to infinity. As a measure of this reluctance, we introduce the future
infima process associated with (X (¢), teS): for te8§, let

1(6)Zinf X (s),

s=t
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we note that (I(¢), teS) is an increasing process which tends to infinity
as t — co. Primarily we are interested in comparing the rates of escape of
X () and I(r); consequently, we study the lim sup behavior of X(t), I(f)
and X (t)—1(t) as t — 0.

The following terminology will be useful. Let ¢: R™ —»IRJr be nondec-
reasing. We say that pe#(X) (the upper-class with respect to the process
(X (), te8)) if almost surely X (t)< p(f) for all ¢ sufficiently large. We say
that e Z(X) (the lower class with respect to the process (X(f), tS)) if
almost surely X (¢t)> ¢(t) infinitely often as t - oo. We will denote the upper
and lower classes with respect to the process (I(z), teS) by % (I) and Z(I),
respectively. Whenever possible, we will compare % (X) and % (I) as well
as Z(X) and Z(I). Since I(t)<X(t), we always have % (X)<#(I) and
Z ()= £ (X): we will show that the containments can be proper.

Throughout, let L(x)=L1(x)gln(xve) and, for k=2, let L,(x)

L L(Le (3

In Sect. 2, we consider R'-valued random walk with positive drift. Let
£, &, &,, ... be independent and identically distributed random variables.

We assume that IP(£ <0) >0, IE(&) > 0 and p(r) i]E(e“:), the moment generat-
ing function of &, is defined in a neighborhood of the origin. Let X 020

df df
and, for n=1, let X,=¢,+..+¢, and I,=inf X, In our first theorem,

we demonstrate that jzn

X —
(1.1) lim sup —~ =— as,

newo L) ]

where r is the unique negative solution to u(t)=1.

In Sect. 3, we develop related results for Brownian motion with drift
Let (B(t), t =20), denote a standard, one-dimensional Brownian motion and
let /: R* -R " be nondecreasing with f (0)=0. Let

X,0SBO+/(t) and I,(H)=infX (),

s2t
for all t=0. For f (t)=mtI?(t) with m>0 and p=0, we demonstrate that

(1.2) lim sup X, 01, —i

L= as.
imw LTP() 2m

In the case p=0, this is the Brownian analogue to (1.1).

The relative proximity of I,(t) to X ,(f) implies that (I ,(t), t =0), suitably
normalized, inherits all of the classical limit theorems from (X ,(¢), t=0).
In fact we can say more: let ¥: R > IR™ be nondecreasing and let ()
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=f (t)+1,/ztp(t). By Kolmogorov’s integral test for Brownian motion (see
Itd and McKean (1965)), one obtains

PeU(X ) ifand only if 30 () exp(—y¥2(2)/2) dt<o.

1

However, with probability one X , (1) —cL' P (t) <1 ,(t) < X ,(t) for ¢ sufficient-
ly large and ¢>(2m)~'. As a consequence,

@e%(I;) ifandonlyif }Ot* YWt exp(—y2()/2) dt< oo,

Using the integral test of Feller (see Feller (1970) or Bai (1989)), a similar
conclusion can be drawn for the random walk examples of Sect. 1.

In Sect. 4, we consider a transient Bessel process, ie., one-dimensional
positive diffusion, (X (¢),t = 0), determined by the local generator

df

d—1
21 %(f”(x)JrTf'(X)),

where d>2. For integer d = 3, the radial part of a d-dimensional Brownian

df
motion is such a process. Let I(¢)=inf X (s). Then

s=t

(L.3) lim sup X©O—10) =lim sup L—l as.

~w J20Ly(0) - |[/2(Ly(0)

One consequence of this development is that (1—¢)]/2tInlnte Z(I) for
every ¢>0. Moreover, in contrast with the one-dimensional results of
Sects. 1 and 2, this suggests that (X (¢), teS) recovers from large excursions
from the origin. In the same theorem, we give sufficient conditions (in terms
of an integral test) for inclusion in % (I): in particular, this shows that % (X)
is a proper subset of % (I). When d =3, the results of Sect. 4 can be obtained
from a theorem of J.W. Pitman (see Remark 4.1.1).

Finally, in Sect. 5, we discuss analogous results for high-dimensional
Z’-valued random walk (d=3). Let &,,&,, ... be independent identically
distributed Z%-valued bounded random variables with zero mean vector
and identity covariance matrix. Let (S,, n=20) be the associated random
walk, which we assume is strongly aperiodic. For 0<r<1, let j,(f) denote
the element of C([0, 1]) obtained by linearly interpolating the points

{(kn™*, n~ "% inf|S})); 0<k<n}.

jzk
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We demonstrate that j,(+) converges weakly in C([0, 1]) to the stochastic
process

(infX,; 0<t<1),

s>t

where (X (¢), t=0) is the radial part of a standard d-dimensional Brownian
motion. It should be noted that this result cannot be obtained directly
from Donsket’s invariance principle. In addition, this section includes laws
of the iterated logarithm which are analogous to the Brownian motion
results of Sect. 4.

2 A transient walk on R!

Let & &,,¢&,, ... be a sequence of independent and identically distributed
R '-valued random variables with P(¢ <0)>0 and EE({)>0. Let X, ul 0 and,

af "
for all n=1, let X,= ) ;. Of course this defines a transient random walk
i=1
on R', We define the associated future infima process; that is, for n=0
let

df |
I=inf X

jzn

For teR, let ,u(t)i]E(e'é), the moment generating function of £ We will
assume that u(-) is defined in a neighborhood of the origin. We observe
that /' (0)=IE(¢)>0. Since P(£<6)>0 for some 6 <0, u(t)= e P(E<6) for
t<0. Moreover, since t— u(t) is convex, it follows that there exists a unique
negative solution to the equation pu(t)=1, which we will denote by v, ie,
r<0and u(r)=1

The main result of this section is:

Theorem 2.1 With probability one,

. X,—1, 1
lim sup ———=—

newo L) |

Naturally, the proof of Theorem 2.1 is composed of upper and lower bound
arguments, The upper bound will follow from a gambler’s ruin calculation
for (X,, n=1), which is the content of the next lemma.

Lemma 2.2 Forallnz0and b>0,P(X,—1,=h)<e™
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Proof. First we make a preliminary calculation. Let <0 and o> 0. Define
stopping times
af af |
1p=min{k: X; £} and r,=min{k: X, 2o}

Lett=1,A1g.
Since p(r)=1, (¢'*, n=0) is a mean one, positive martingale. By Doob’s
optional sampling theorem we obtain

1=IE(e" " |7, <75 P(1, <) + E(e¥ |15 <1,) P(r5<1,)
2E(e* 1<) P(r<1,).

Since {t;<1,} implies r X, 2rp, it follows that IE(e"*<|t =1, >¢'’. By send-
ing a to infinity, we obtain

2.1 P(ry<c0)<e™"?

To finish the proof, observe that

X, —I,=—inl(X,— X,)= —I,.

jzn

Consequently, by an application of (2.1), we obtain
P(X,—1,2b)=P(l,< —b)=P(r_,<o0)<e”,
which proves the lemma. [J

We will need some additional terminology to prove the lower bound in
Theorem 2.1. Let ¥, ¥;, Y5, ... be i.id. random variables with IE(Y)=0 and

af ‘
M (t)=1IE(e'") defined in a neighborhood of the origin. Let S,,i Yi+..+Y,
for all n=1. Let p(x) denote the Chernoff function associated with —Y,
1e.,

df
p(x)=infe **E(e'")
t
—infe™™ M(1).
T
For ¢>0, let

22) a(e)=sup{x: p(x)z¢ 1} and @(m)=|cLn)]

{where | x| denotes the integer part of x). Then

(2.3) lim inf Srtem =S _ alc) as.
0 o @)
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This is a modification of the celebrated Erdés-Rényi law of large numbers

. . S -5
lim min W TP~ 4(c)  as.
n—o 0sksn—gm  @(n)

(see, for example, Theorem 2.4.3 of Csérgh and Révesz (1981) and its proof).
Proof of Theorem 2.1 To prove the upper bound, let

F={X,—Lz—(1+¢) Lk)/r},

for £>0 and k>1. Then, by Lemma 2.2, P(F)<k~"*? and ) P(F,) < c0.
By the Borel-Cantelli lemma P(F,, i.0.)=0. It follows that k

. X,—1, 1
lim sup ) §—( :—8)

a.s.

We obtain the desired upper bound upon letting ¢ = 0.

Let mi]E(é) and let Yiifi—m for all i=z1. Let S,,i Y +.. +Y, for
allnz1. Let ¢>0 and let a(c) and ¢(n) be as in (2.2)
Observe that

In éXn+(p(n)=Sn+(p(n)+}/n(n+ (p(n))
Consequently

Xn_Inz _'(Sn+<p(n)_Sn)_m§D(n)‘
Since ¢ (n) ~ cL(n), by (2.3) we obtain

n—-In

- o Siow—Sh
lim sup g—chm lnfm_.,

now  L(n) 7 0 on)

—Ccm

=c(a(c)—m) as.

For the appropriate choice of ¢, we will recover the desired constant.

Let y /() and let A(f) =log(e™ " () = —y¢ +log u(f). Then A(+) is con-

vex
and A'(r)=0. Consequently, A(t)=A(r)= —yr for all ¢, which is to say

infe " u(t)=e™"". As a consequence
t

p(m—7y)=infe™ (')
t
=infe " u(t)

t

=e 7"
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Let ¢=1/(yr). Then it follows that p(m—y)=e~ " =e¢~ ' which says that
a((yr)~')=m—y. Hence c(a(c)—m)= 1/|r|. We conclude that

. X,—1I,_ 1
limsup——"2"— as.,
now  Lln) T

which is the desired lower bound. [

3 One-dimensional Brownian motion with positive drift

Throughout let (B(z), t 20) denote a standard, one-dimensional Brownian
motion. Let f: R* -R™ be a nondecreasing function with f(0)=0 and
let X, ()=B(t)+/(t). We define the future infima process associated with
X ifor 20, let

s=t

The main result of this section follows:

Theorem 3.1 If f(t)=mtI*(1) for m>0 and p=0, then

X ()—1,(t 1
lim sup _f(_)__/L):_ as.
t= Lr(@) 2m

Observe that when p=0 we obtain the Brownian motion analogue to Theo-
rem 2.1. Setting p=1 in Theorem 3.1, we obtain: for f(f) =mtL(t),

lim sup(X,(t)—I,(t))zim a.s.

- 2

In this case, no renormalization is necessary.
When p>1, X ,(t)—1,(t) > 0 with probability one as t - oo. Theorem 3.1
gives the rate with which this difference tends to zero:

lim sup 271 () (X, (1) — 1, (1))

= a.s.
t— oo 2m

As with Theorem 2.1, the proof of Theorem 3.1 is composed of upper and
lower bound arguments. The upper bound will follow quite naturally from
a gambler’s tuin calculation, which is the content of our next lemma.

Lemma 3.2 Let b>0. If {'>0 and [ =0 eventually, then, for t sufficiently
large,

]P(Xf(t)_lf(t)ga)ée—lf’(z)a“
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Proof. First we consider the case f(tf)=mt, where m>0; the general case
will be obtained from this.
Observe that

X, (0)—1,(t)= —inf(B(s)— B(t) +m(s —1)),

s=t

which indicates that X ,(t)—1,(¢) has the same distribution as —1,(0). By
Itd’s formula, (exp(—2mX,(t)),t=0) is a mean one positive martingale.
Consequently, by a gambler’s ruin calculation,

3.1 IP(I,(0)< —b)=P(X (- )ever hits —h)=e™ 2",

which is what we wished to show in the case f (t)=mt.
In general, observe that the eventual convexity and monotonicity of
f implies

JEO—=fO2f"®)(s—1) with ['()>0

for all s>t sufficiently large. Thus
X,0—-1,t)= —iI:f(B(S)—B(t)+f(S)—f(t))
< —inf(B(s)—B(1)+ f'(t) (s—1))-

s>t

This last random variable is distributed as —1I,(0), where g(s)=f'(t) s. Con-
sequently, by (3.1)

P(X,()—1,()2b)SP(0)< —b)=e 2/,

which verifies the lemma in question. [

To obtain the lower bound in Theorem 3.1, we will use a theorem of Hanson
and Russo on the increments of the Wiener process (see Theorem 2.2 of
Hanson and Russo (1983)), which we will briefly describe.

Let a, be measurable with 0<q, <t for all t>0. Let

b.=(2a,(log(t/a)+1og, (1)) "2

Let ¥ denote the set of limit points of b,(B(t)—B(t—a,). If a,t*— o0 as
t—oo for all a>0, then, by the theorem of Hanson and Russo,
P(&¥=[—1, 1])=1. In particular,

(32) lim infb,(B(t)—B(t—a))=—1 as.

>
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Proof of Theorem 3.1 It is easily checked that f(f)=mtIf(t) with m>0
and p=0, satisfies the hypothesis of Lemma 3.3. In fact, for ¢ sufficiently
large,

f(@=m@®)+mpF~ ()
df
Lett;=1 and, for k=2, let
af
Le=1,_1 +m"

Consequently, t, ~k/I?* (k) and f'(t;) ~mI? (k) as k — co. As a consequence,
by the mean value theorem,

(3.3) flter)—f(G)=0(1) as k—oo.

For k=1, let
D,= sup (B(t)—B(t)

St S+t

We will show that D, is small as k— co.
Let ¢>0 be given. Then, by the reflection principle, the Markov property
and Brownian scaling we obtain

P(Dy>e)=2P(B(t; 41— t)>¢)

=2PBM)>¢/)/ ti—tr+1)

<D~ LPTM2

where we have used the well-known estimate: for x sufficiently large,
P(B(1)>x)se /2
We will need to consider two cases: if p=0, then

P(Dk>8) kaz/Z

Consequently, for > ]/~ we obtain Z IP(D, > &)< 0. By the Borel-Cantelli
lemma, it follows that k=1

(3.4) Iim sup D, < ]ﬁ as.

k—> o
If, however, p>0, then Y IP(D,>g)<oo for all £>0; consequently, by the

Borel-Cantelli lemma, r=1

(3.5) lim D,=0 as.

k-
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Let ¢>1. By Lemma 3.3
PX,(t)—1(t)>qL ~P(t)/2m) S e aH0~a»

—e 9P __

ke’

which is summable by our choice of q. From the Borel-Cantelli lemma,
we obtain

(3.6) lim sup M < _1_

T < a.s.
k— o L (tk) 2 m

Finally, for t,<t=<t,,, we have

X, O—-1,(O=X,)—1,(t)
=(B(O)—B)+(f (O)—f (t) +(X , () —1; (&)
SD+(f (s ) — f (@) HX (0 — 1 (1)

In conjunction with (3.3) through (3.6), this demonstrates that

X (t)— 1
limsup———wf() Lo 1

1i-7 = a.s.
t— (t) 2m

which gives the upper bound in question.
To obtain the lower bound, let

at L' 20(t)

HE T
Since g, is nonnegative, we obtain
I,0<X,(t+a)=B(t+a)+/(t+a)
As a consequence,
X, 0)—1,0z —(B+a)—B@)+/O—f(t+a).

By the mean value theorem, we obtain

fO~f@ray~ = IPO) s toco

By (3.2)

lim infw=___l as.,
1 oo L72(t) m
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(where we have written the increment forward in time). Consequently, we
see that

X()—I,(t 1
limsup———f(t) USRS

~ = as.,
e LT T 2m

which is the lower bound in question. [

4 High-dimensional Bessel processes

Throughout let (X (t); t=0) be a Bessel process of index d>2, ie., a one-
dimensional diffusion on [0, co) with local generator

1 d—
ff(x)=5f”(x>+7;f’(x>

for all feC?([0, o0)) and d>2 (see Revuz and Yor (1991), p. 411). For integer
d=3,(X(t), t=0) can be realized as the radial part of a d-dimensional Brow-
nian motion.

As with the previous examples, we consider the future infima process
associated with (X (¢), t=0), ie.,

(1) = inf X (s).

s2t

It is worth mentioning that I(f) inherits scaling from X(f), ie., for any
¢>0, (I(t); t=0) and (¢~ "2I(ct); t 20) have the same finite dimensional dis-
tributions. Concerning the process I(t) we have:

Theorem 4.1 With probability one:

1)

1 li —_— =1
2 et VLo
2) lim sup XO-10 =1.

w20 Ly (1)

(3) Let (p(t)=]/in,b(t) be nondecreasing in t>0 and assume that Y(t)— oo
ast— oo, Then

o0

[y 2t texp(—y(1)/2)dt<co implies () (I)

1
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Theorem 4.1(3) should be compared with the Kolmogorov and the Dvor-
etsky-Erd8s integral tests (see, for example, It6 and McKean (1965),
pp. 1611f.). We shall state the latter below for convenience:

Theorem A (Kolmogorov-Duvoretsky-Erd6s) Let . R*—R™* be nondecreas-
ing and unbounded as t — co. For all d=1,

PX(®)>)/ty (1) i.o.)={(1)

if and only if

fuo' ey def =7

1

Remark 4.1.1 The proof of Theorem 4.1(3) is inspired by the first half of

Kolmogorov’s test (see [td and McKean (1965), p. 34). In it we exploit

the analogy between first hitting times of spheres by X (t) and sup X(s),

st
and last exit times from spheres by X(¢) and the process inf X (s). When
s=t

d=3 much more is true. Indeed, by the celebrated theorem of J.W. Pitman

(Theorem 3.5, Chap. VI of Revuz and Yor (1991)), the process

((X(0), I(t)),t=0) has the same finite dimensional distributions as

(2 sup X(s)— X (t), sup X(s)), t=0), where (X(¢),£=0) is a 1-dimensional
s=t s<f

Brownian motion. Indeed if d=3, then X (t)—I(t) is a Bessel process of

index one and. Theorem 4.1(2) follows easily from the law of the iterated

logarithm. Moreover, Theorem A implies the necessity of Theorem 4.1(3)

in three dimensions. We do not have a proof for this necessity when d = 3.
From Theorem A and Theorem 4.1(3) one can easily show that for d > 2,

X(t)>]/£‘1/2L2t+(d+2)L3t+2L4t, io.

while for all >0

It)< ]/i 1/2L2 t+dLyt+Q2+¢) Lyt, eventually

with probability one.
Lim inf results for (I(t)) are not interesting; a real variable argument
shows the following:

Lemma B Let ¢: R —IRY be a function satisfying: ¢(t) |0 and ]/i(p(t)T 0

ast — oo. Then for any continuous function x:IRL—RY. for which lim x(t)= oo,

t— o

x(O=)to@), io
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if and only if
inf x(s)<)/to(® io.

s=t

Hence we need only consult the lim inf results for X (), (e.g., see Motoo
(1959), p. 27). A simple consequence of this development is that

I
liminf 19
t— 2t Lyt

=0, as

In conjunction with Theorem 4.1, this demonstrates that the random
sequence

{Qe Ly 0)" Y2 I(t), 1 20}

converges and clusters in [0, 1].

The main ingredient in the proof of Theorem 4.1 is the solution to the
gambler’s ruin problem for Bessel processes (see for example Itd and
McKean (1965) or Revuz and Yor (1991)),

P, 2x|X,=))=P(X(s)=x forall s=1]X,=y)=1—(x/y) *

For d>0, let
r df 2
T rdpR) 29

It is well known that the density of X is given by

P(X edx)

4.1) -

=3 x* 71 exp(—x?/2) 110, o) (X).

To derive the integral test (Theorem 4.1(3)), we will need the distribution
of the last exit time from a sphere of radius a by a transient Bessel process.
Let a>0 and let

c,=sup{t>0: X(1)<a}.

Lemma 4.2 Let d>2.
(1) The density of 1, is given by

P(I,edx)

=T x*7 7 exp(—x%/2) 11, ) ().
dx ’

(2) The density of o, is given by

Po,ed) I,

o= a1 exp (=20 1o, (6
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Remark 4.2.1 Observe that I, in dimension d >3 has the same distribution
as X, in dimension d—2. A similar but deeper phenomenon has been
observed in Ciesielski and Taylor (1962).

Proof. By (4.1),

P, zx)=I; | PU, 2x|X,=y)y" le ?dy.
Thus,

P, zx)=I; [ () 2—x*" Y ye ¥dy
=(d—-2)1I; [y e dy,

by an integration by parts. Since (d—2)I;=1I;_,, the density of I, is as
stated.

To verify (2), observe that {g,=t} ={I(¢f)=a}, by Lemma 4.3 and scaling
we have

Plo. 0P, zai )=l s |y dy

at=1/2

We obtain the result upon differentiating with respect tot. [

Proof of Theorem 4.1 Throughout, let F(1)=(2t L,(t))~ */2. Recall (see Revuz
and Yor (1991)) that

(4.2 limsup F(t) X(1)=1, as

t—=

Fix e€(0, 1/2) and define stopping times as follows:

43) U =inf{s=n: F(s) X ()= (1 —#)}.

By (4.2) and (4.3), U(n)=n and is finite, almost surely. Moreover, hm U(n)
= oo with probability one.

Let us prove (1) first. By applying the strong Markov property at the
stopping time, U (n):
(44) PEUM) ywz(1-28)=Pyum=(1-2¢ Xy/[1—e)
j]P(IU(n)é(l 2e)u/(1 —e)| Xym= )]P(Xv(n)Ed”)
j]P(IOZ(I_ZE) u/(1—e)| Xo=u) P(Xyedu)
[PIoz2(1—-2e)u/1—&)| Xo=u) P(Xyyedu)

=1_<1——28)d_2
1—e¢

l Ko (e).
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Since U (n)=n, by definition,
P(F(t) I(1)z(1—2¢)some t 2 n) 2 P(F(U ) Iy 2 (1 —28) =% ().
Therefore for all e€(0, 1/2),
P(lim sup F(t) I{t)=1—2¢)= lim P(F(¢) [(t)=(1—2¢) some t=n)
o o0 n—w
=x4(¢)>0.
By Shiga and Watanabe (1973), (X (t)) is the same process as (t X (1/t)). There-

fore, by the Blumenthal 0— 1 law (see Revuz and Yor (1991)), the tail o-field
of (X (1)) is trivial Hence the above development shows that for all £e(0, 1/2),

limsup FO) I(t)=1—2¢,

| Sasdie ]

almost surely. Letting ¢ — 0 along a countable sequence we arrive at the
lower bound. The upper bound is a consequence of (4.2) and the fact that
I(t)< X (r). This proves part (1). The proof of part (2) is similar. Indeed,
45) PEUOMNXm—Tvm)z2(1— 2e)=Pym=2e Xyuw/(1— €))
2¢ \472
- (1 - s)

af
=K, ().

Hence U (n) = n implies that,

P(lim sup F(2) (X (1)~ [(£))=1—2¢)

t—> 0

= lim PFOXO—I1)=(1—2¢&sometzn)

2P(F(U M) (Xym—1(Umn)2(1—28)
=x,(g)>0.

Another application of the triviality of the tail o-field of (X (¢)) establishes
2).

Finally, to prove (3), assume that ¢ satisfies the hypotheses of the theo-
rem. Let 0<a<b< oo and let

Ei{f@)éq)(t) for some a<t<b}.

We will estimate P(E).
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Let a=ty<t;<...<t,=D>b be a partition of the interval [a, b]. For each
integer LSk<m, let

Eki{l(t)gqo(t) forsome t,_, <t<rt, but
I)<o(t) foralla<t<t,_,}.

Then E={6,,<a u( U Ek> and
k.

=1

PE)=P(o,,=a)+ Z P(E,).

k=1
However, since ¢ is nondecreasing,

PE)SIPU, <oty 1) I, Z 0t -1)
=P(ty-1 <04 h =)

Y PR T , du
=52 T (e

fen 1
where this last equality is from Lemma 4.5. We also have

I ag”2(a) B
j u_"/ze l/zuduﬂ
0

Po,,=<a)= 2_2

As the mesh size of the partition tends to zero, we obtain

ap~2(a)

PE)<-2 | u¥2e gy
0

+ I, f(@(u))d_z o 92w 2u dl
a u

> 1\

Since agp~*(@)=y ~"'(a)—0 as a— oo, the first integral tends to zero as
a— oo, Since

o0

f( qo(u)/]/ Tyl WGy <o,

[,

b
lim lim J @@)/)/u)=2e™ 924 gy =0,

a—>w b-ow a
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Consequently,

lim lim IP(I(f)Z ¢(t) forsomea=<t<h)=0,

a=w b—->w

and IP(I(¢) = ¢(t) i.0.)=0, which demonstrates (b). [

5 High-dimensional random walk results

Let £,,¢,,... be independent, identically distributed random vectors in
Z‘(d 2 3) with zero mean vector and identity covariance matrix. For simplici-

ty assume that P(|¢,|<M)=1, for some finite constant M. Let S,= > &

i=1
be the associated random walk. Suppose that (S,) is strongly aperiodic
(see Spitzer (1964)). Define the resolvent density or Green function of the
walk,

i

Y IP(S;=—x) xeZ’

We define the future infima process associated with (S,) (and its truncated
version), i.e., for 1£n<N,

df df
(5.1) Jy=1nf|S}],  J¥= min |S}].

j=n nZj=N

Throughout, let

(5.2) Y S

27[d/2

Define C([0,1]) to be the space of real continuous functions on [0, 1]
endowed with uniform topology. Let j, be the extension of {n~/2J,; 1<k
<n} to C([0, 1]) by linear interpolation, i.c., for all 0<¢<1,

dar _ B 3
Jn(@=mt—[nt])(n 1/2-]1+[nz]”’l 1/2J[nt])+n I/Z‘I[nt]“

What follows is a central limit theorem for the process {j,, n=1} which
does not appear to be an immediate consequence of Donsker’s invariance
principle. (For this and more, see Billingsley (1968).)
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Theorem 5.1 For all d=3, j,=1, where I is the future infima process of
the radial part of a Brownian motion (as defined in Sect. 4) and = denotes
weak convergence.

Remark 5.1.1 The proof of this theorem requires some standard potential
theory for random walk. Theorem 5.1 generalizes easily to random walk
with positive definite covariance matrix Q: in this case one replaces the
standard Brownian motion with a Brownian motion having covariance
matrix Q.

With Theorem 5.1 in mind, it is natural to ask whether the laws of
the iterated logarithm of Sect. 2 hold in the context of random walk. This
is the content of our next theorem.

Theorem 5.3 With probability one,

lim sup ————t——=1 and,
n— o I/ 2n Lz(}’l)
max|S,,| —J, Si—J
lim sup — ————=1im sup 15, 1

n>w /210 Ly(n) n= 00 m—‘—

Remark 5.3.1 This result has already been observed by Erd6s and Taylor
for simple, symmetric random walk (see Theorem 9 of Erdts and Taylor
(1960)).

The proof of Theorem 5.3 is the same as that of its Brownian analogues
(Theorem 4.1) and, as such, will not be presented here. The essential differ-
ence is this: the gambler’s ruin problem cannot be solved explicitly in this
setting. Instead one can use the estimates in Lemma 5.5 and Lemma 5.6.

Fundamental to the proof of Theorem 5.1 are estimates for certain gam-
bler’s ruin probabilities; the following sequence of lemmas is directed to-
wards obtaining these estimates. The next lemma can be found in Spitzes
(1964), pp. 77-79.

Lemma 5.4 The following hold for the random walks of this section.
(1) lim sup|(2rn)>IP(S,=x)—exp(—|x|*/2n)|=0.

(ii) lim sup|x|>n~|2rn)Y?P(S,=x)—exp(—|x[*/2n)|=0.

X

Lemma 5.5 Under the assumptions of Lemma 5.4, |x|*”2g(x)~ vy, as |x| = c.

Proof. Section 26 of Spitzer (1964) contains a proof of this for the case
d=3. For the most part, we shall mimic this proof for the general case
d=3: the only exception may be that the last part of our proof is slightly
cleaner.
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Define for s>0 and xeIRY, p(x)=(2ns)~ %% exp(—|x|?/25). Then, for any
K >0,

[K]x|2]

(5.3) g()— X puS Y, (P(S,=x)+Ppu(x)

+ z IP(Snzx)_pn(x)|

n=1+[K]|x|2]

df
=T15 3+Tv25 3“

As in Spitzer, we estimate the two terms separately. By Lemma 5.4(j),
supP(S,=x)<c3 ; n” %% and, trivially, sup p,(x) < c5 3 n~ %2 Therefore
X X
[K|x|?]
(54) TP <csq Z n"<ces s KT P

n=1
Fix e>0 arbitrarily small. By Lemma 5.4(ii), for all n large enough,

sup |)<:|2 i]P(S" = X) _pn(x)l < en~ @22

Therefore, for all |x| large enough,

(55) 7125‘3§8|x[—2 Z n—(d—2)/2§65‘68|x!2-dK-(d‘4)/2"
n=[K|x|2]+1

Therefore,

lim sup |x|*~“|g(x) — 3 p,(x) Ses s K~¢7272

[x] = o0
Since K is arbitrary, it suffices to show that as |x| — oo,
(5.6) %279 pa(X) ~ 4.

Write

Yp()=Y, | pu(x)ds

n n—1

Since {p,(x); s= 1} is decreasing for each xeZ,

o0

| P ds<Yp (0% | pu(i)ds

1
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However, elementary calculations reveal that for all a>0, as |x| — oo,

[ pO0ds=Ix?" | Qus)™ exp(—1/25)ds~plx ™

a|x|2-4

which verifies (5.6) and, hence, the lemma. [

Define first hitting times,
(5.7 T=inf{j: k— M <|S;|<k+ M}.

Next we obtain gambler’s ruin estimates for 7.

Lemma 5.6 Fix > 1. Then under the assumptions of Lemma 54, as k — o,

alt=2— k42

IP(7, =0 |So:a)~!a[d~_2=

uniformly over all acZ® with |a| =(k+2M)n.
Proof. Note that g(S,) is a martingale. Moreover, it is bounded by Lem-
ma 5.5. Therefore by Doob’s optional stopping theorem,

g(a)=IE(g(S;, .-)1S0=1a)
=IE(g(S:) 1 <0yl So =) +E(g(S,,) L, <yl So =a).

Since g(S,) is a bounded martingale, we see that g(S,)—0 almost surely
and in L (IP) as £ — co. Fix ¢ >0 small. If k is sufficiently large, then uniform-
ly over all ja|>k+2 M,

(1—&) yslk+ M2 P(r, < 0|Sy=a)
<gl@=(1+¢) plk— M P(r, < 0|Sy=4a).

Likewise, for all k large enough, Lemma 5.5 guarantees that uniformly over
all jal>k+2M,

(1=e)yalal*<gl@)=(1 +&)y4lal> ™"

Therefore,

(1—s> |k— M|*~2

1+e\ k+M|* 2
e Jai gIP(rk<oo|SO=a)§< ) .

1—e¢/ la*?
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Hence uniformly over all ja¢|=(k+2M)#,

lald~2

[a[d—z_kd—Z

laid_z—]k—M|d_2 |k_M|d—2
[a|d—2__kd—2 Ial_d—z__kd—z

<|a|‘1_2—|k—M|"_2 2¢

P(r=0|So=a)=

= |a|d—2_kd72 ;,ldfz_l
2
—->1+7‘_78——1, as k— oo,
11 —

Since £>0 is arbitrary, we get the upper bound. The lower bound is simi-

lar. [
Finally, we state the following elementary lemma without proof.

Lemma 5.7 Suppose Z and Z, are a sequence of C([0, 1])-valued random
variables that are monotonically increasing. If the finite dimensional distribu-
tions of Z, converge to those of Z, then Z,=Z.

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1 Fix m=1 and 0<¢t,<...<t,<1. By Lemma 5.7 it
is sufficient to show that

Galt): - jalt) > Loy 2 1,

Let0<4, 24, = ... 24, Since j {t) <j,, ,(t) for all 0=t £ 1, the proof would
be complete upon showing that, as n — oo,

P(j, (t) = A for all i< m) - P(I, > A, for all i< m)

However,

P Sy 2]/ 12 for alli <m) P, (t) = 2, for all i< m)
<Py g2 |/nkifor alli<m)

We will show that, as n— oo,
(5.8) P(Jpgz ]/;1/11- foralli<m)—IP(I,= 4, for all i<m).
The proof of (5.8) can be used to show that, as n — oo,

P(J; 1 g =}/n 2 for all i<m) — P(I, = A, for all i<m),

which would finish the proof.
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By the Markov property, the left expression in (5.8) can be written as

(59) Py =)/ niforalli<m—1, Juy 2]/ 1)
= Y P2/ ni, forallism—1|Sg, =)

lylyzevzidzm ’

P g Z ) 1o Stat =) P Sty =)
Fix an arbitrary #>1. By another application of the Markov property,
for all yeZ* with |y Z (A |/n+2M) 1,
(5.10) IP(TVEZ".+M: w|Se=y)= IP(J[mm] = n)“mls[ntm] =Y)

<P(ryn,,-m=0[So=))

By Lemma 5.6, for all ¢>0 there exists a positive integer, ng, such that
for all n>n, and for all yeZ*? with |y|=(4,, W+2M) f,

a—2 __ y a-2
G1) Ployaon=olSo=psi+s Iy:d@ 2
[ 72 -2
(5-12) lP(rmmM:oolSO:y)ga»s)lyl |y:de; ml” ~

By picking n, even larger, we can guarantee that for all n2ng

(5110) 4 {yeZ: [/nin <yl <(/nin+2M)n} Scs 70— 1)

for some absolute constant ¢ ,=c5 ;(d, 4,,). Define
df
H,={w: JIy 1](w)'g]/;2i forallism—1}

df —
K= {@: Spu, g (@) Z])/1 0}
With this notation in mind, (5.9), (5.10) and (5.11¢) imply that for all n=n,
(514)  P(Jpy=|/niforalli<m)
<+e) Y A=/l A

Xeld
M Z2Wndm+2M)n

- P(H,[Spaey = ¥) P(Spur,g= y)
+(1+e) 22 Y P (St =)

e
Vo dm SV < (VR dm+2M) 1

<1+ B — A4S0 /V/ 01>~ 1, o x)

+es o (14e) 442 > n—4?
yeZd
Vadm S| <(Vitdm+2M)n

<(1+8) E((1 — 24 1S0,0/)/ 1279 L, k)
+(1+e)csg i 2—1)7%
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Here ¢5 g=cs 4(d, M) is a universal constant. Therefore, since #>1 and
£>0 are arbitrary,

lim sup P(J; 2 )/n 2 for all i <m)

n—

<lim sup E((1 — A4 2 [Sgu,/)/ 7%~ L, ax.):

By approximating

1 =1 1 —
H. K, {JEydz)/naforallism—1} ~ {Sp a2 )/ M

by continuous functionals of {n~/*S,, ; i<m} in the usual way, Donsker’s
invariance pringciple can be used to show that

(5.15) lim sup P(J,y=]/n 4 for all i<m)

n— o

SE(1—1X,, /4791 )

1
(evzAforalligm—1}  {IX, |2 An}

Z Al X4,))

=

_E( o P(I
{Terizforallism—1}  {|X, |2 4.}
=PIz forallism—1,1, =24,)

=P(I, = i for alli<m),

where (5.15) follows from the Markov property of (X,) and the gambler’s
ruin problem for Bessel processes. Likewise one gets a lower bound on
the lim inf by using (5.12). This proves (5.8) and, hence, Theorem 3.1. [
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