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Abstract Finding semiparametric bounds for option prices is a widely studied pricing technique.
We obtain closed-form semiparametric bounds of the mean and variance for the pay-off of two exotic
(Collar and Gap) call options given mean and variance information on the underlying asset price. Math-
ematically, we extended domination technique by quadratic functions to bound mean and variances.
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1 Introduction

The problem of finding bounds for option prices under incomplete market conditions or an
incomplete knowledge of the distribution of the price of the underlying assets has been studied
extensively in the literature (see, e.g., Zuluaga, et al.l'!, Vandenberghe, et al.l?/, d’Aspremont
and Ghaouil®!, Hobson, et al.l¥!, Laurence and Wang!®!, Popescul®!, Bertsimas and Popescul™ 8],
Boyle and Lin!®, Grundy!'”), Lo, Levy!™ and Ritchken™®, and the references therein).
Here we study bounds on the expected pay-off and variance of two exotic call options, Collar
option and Gap option, given only information on the moments of the underlying asset price
at maturity. Following Zuluaga, et al.l'), which provide detailed justifications, these types of
bounds are called semiparametric bounds. The interest in finding semiparametric bounds for
option prices stems mainly from weaker assumptions about the distribution of the underlying
asset price S.

The first, now classical, results in this area were derived by Scarfl!® in the context of an
inventory control problem and used by Lol*!l on the pay-off function max(0,S — K) of a Eu-
ropean call option when mean and second-order moment information about the asset price S
at maturity is available. Namely, given ES = m; and ES? = my of the stock price S > 0, the

optimal upper bound on a European option with strike price K > 0 is

Emax(0,5 — K) <

9-1 (ml—K—F\/mg—Zle—FKQ), ifK}mg/le, (1 1)
- .

my — Km?/ma, if K <ma/2ms.
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Lol used the bound in the following way: he assumed a certain model for the underlying
risk-neutral asset distribution (e.g., lognormal or jump diffusion) and then obtained the risk-
neutral moments from this model. The resulting option price bounds, and observed prices are
then used to show how sensitive the option prices are to model misspecification.

Recently, Liu and Lil*®! improved the bound in (1.1) under the additional condition that
X is bounded by M or the condition that S has a unimodal distribution, or both. More
importantly, they provided a sharper bound on the variance than the well-known estimate
Varmax(0, S — K) < Var(S) = mg — m? when S € [0, M]. Namely, given ES = m; and
ES? = my of the stock price S € [0, M],

(mg —m1K)2M — K)(K(M —my) — (Mmy —ms3))
2M?(M — K)
for K € (Mmy —ma)/(M —m1),ma/mq). It should be emphasized that the above result for

variance is much harder to obtain from the point of view of probability theory. Additional study

Var max(0, S — K) < mg —m3 —

and applications for various options should be carried out. In general, semiparametric bounds
can be used to set bounds for option prices under the risk-neutral measure pricing theory, and
to examine the relationship between option prices and the true, as opposed to risk-neutral,
distribution of the underlying asset, see, e.g., De la Pena, et al.['8] and Boyle and Lin[®!.

In this paper, we do not consider any specific models for S or practical applications but only
theoretical interests from probabilistic point of view. The goal is to provide sharper bounds
on the mean and variance of the payoff function associated with a given call option. We first
consider Collar option with shifted pay-off function

hc(S) = min(maX(O,S - Kl),KQ - Kl) = (S - K1)+ - (S - K2)+ (12)

with constants Ko > K; > 0. The optimal upper and lower bounds for mean are given
in Propositions 2.1 and 2.2. The variance estimates are given in Theorem 2.1. The precise
statements are given in Section 2 together with their proofs. The techniques are based on
domination by quadratic functions. The main difficulty in the proof of Theorem 2.1 is the
construction of a majorizing quadratic function in two variables. We also consider similar

estimates for the Gap option with pay-off function
hg(S) = Sl(s>k), (1.3)

where K > 0 is a fixed constant. Precise statements are given in Section 3 together with their
proofs.

The overall goal of this paper is to derive closed-form semiparametric bounds for mean and
variance on two pay-off functions motivated by works on exotic call options. Our results are of
interests to various applied areas of probability, statistics, economics, and operations research,
since closed-form expressions are of both practical and theoretical significance, as they allow for
easy computation of the bounds, and the performance of sensitivity analysis and optimization

over the parameters involved in the problem.

2 Mean and variance bounds on collar option
We first consider the Collar option with shifted pay-off function given in (1.2). All possible
range of parameters for K7 and K» are considered for various bounds of means and precise

distributions that attain these bounds are given.
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Proposition 2.1.  Given any random variable S € [0, M] with ES = m; and ES? = msy and
0< Ky < Ko <M fized. Then the following holds.
(i) If 0 < Ko < (Mmy —mg)/(M — mq), then trivially

Emin(maX(O,S - Kl),Kg - Kl) < K2 - K1

and equality holds if S takes only two values Ko and (mg — miKa)/(m1 — K2), with P(S =
Ks) = (m2 —m3)/(ma — mi + (m1 — K3)?).
(i) If (Mmy —ma)/(M —mq) < Ko < ma/mq, then

Emin(maX(O,S — Kl) K2 — Kl) (K2 — Kl)(Mml + K2m1 — mg)/MKQ

and the equality holds if S takes only three values, 0, Ko and M, with P(S = 0) = (M
my) Ko — (Mmy —mz2))/MKy, P(S = K3) = (Mmy—ms)/(M— K3)Ks, and P(S = 0)+P(S
Ky)=1—(ma2— Komy)/M(M — K»3) < 1.

(iii) If ma/m1 < Ko,0 < K1 < ma/2my, then

Emin(max(0, S — K1), Ko — K1) < my — Kym3 /mo

and equality holds if S takes only two values 0 and ma/my, with P(S = ma/my) = m?/ma.
(iV) Ifmg/ml < Kg,m2/2m1 < Kl < (K22 - m2)/2(K2 - ml), then

Emin(max(O,S — Kl),KQ — Kl) g (m1 — K1 —|—L)/2,

where L = (K7 — 2m1 Ky +m2)'/2. The equality holds if S takes only two values, K1 — L and
Ky + L, with P(S = K1 — L) = (ma — m?)/2(L? — K1 L + m1L).
(v) If ma/m1 < Ko, (K3 —m2)/2(Kz —m1) < K1 < Ko, then

Emin(max(O,S — Kl),KQ — Kl) < (K2 — Kl)(mg — ml)/(K2 2K2m1 + mg)

and the equality holds if S takes only two values, (Kamy — ma)/(K2 — m1) and Ks, with
]P(S = Kg) = (mg — m%)/(K% —2Komq + mg).
Note that the trivial bound in (i) always holds but it is worse than bounds given in all other

cases and this is the key point of this proposition.
Proof. 'We follow the general principle of dominating the function min(max(0,s — K1), Ko —
K1) by quadratic function Q(s) = a + s + vs?, where «, 3 and ~ are constants, such that
min(max(0,s — K1), Ko — K1) < Q(s). Then

E min(max(0, S — K1), K2 — K1) < mmIEQ( ) = min (o + fmy + yma).

By
Denote

¥ (s) = min(max(0,s — K1), Ko — K7).

In the case (i), it is trivial. Notice that since 0 < Ko < (Mmq — mg)/(M — mq) < mq, then
the value of optimal discrete distribution S satisfies (mg —m1 Ks)/(m1 — K2) € (K2, M). Thus

the optimal discrete distribution is well defined.
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In the case (ii), we take
Q2(s) = (Ko — K1)s(M + Ky — 8) /M K.
To check ¥(s) < Q2(s), divide the range 0 < s < M into three parts: (1) If 0 < s < K7, then
Q2(s) —P(s) = Q2(s) = 0. (2) If Ky < s < Ky, then
Qa2(s) —h(s) = (—(Ky — K1)s* 4+ (K3 — MK, — K1K5)s + MK K5)/MK>,
and thus
Q2(K1) — (K1) = (Ko — K1) K1(M + Ko — K1) /MKs >0

and Q2(K32) — ¢(K2) = 0. Observing that Q2(s) — ¢ (s) is concave, thus Qa(s) — ¥(s) >
min(Qa(K1) — w(K1), Qa(Kz) — ¥(K2)) > 0. (3) If Kz < s < M, then Qa(s) — u(s) =
(Ky — K1)(M — s)(s — Ko)/MK5 > 0. Therefore, Q2(s) — ¥(s) > 0 in the whole range
0 <s< M. Hence

Emin(maX(O,S — Kl),KQ — Kl) < EQQ(S) = (KQ - Kl)(Mml + Komq — mg)/MKQ.

In the case (iii), let
Q3(s) = K1(m1s —mg)?/m3 + s — K.
To check ¥(s) < Qs(s), divide the range 0 < s < M into three parts: (1) If 0 < Ky,
then Q3(s) — 1(s) = m2K1s?/m3 + (m2 —2m1Ky)s/mg > 0. (2) If K7 < s , then
Q3(s) — ¥(s) = Ki(m1s —m2)?/m3 > 0. (3) If K3 < s < M, then Q3(s) — ¥(s) = (mls -
ma)?/m3 + s — Ko > 0. Hence

< s
< K

Emin(max(O,S - Kl),Kg - Kl) < EQ?,(S) = mi — Klm%/mg.

In the case (iv), put Q4(s) = (s — Ky + L)?/4L. To check 1(s) < Q4(s), note that (1) If
0 < s < Ky, then Qu(s) —¢(s) = Qa(s) = 0. (2) If K1 < s < Kb, then Q4(s) — ¢(s) =
(s — K1 —L)?/AL > 0. (3) If K2 < s < M, then

Qa(s) —1p(s) = (s — Ky — L)? /4L 4+ s — Ky > 0.
Hence
Emin(max(O,S — Kl),Kg — Kl) < EQ4(S) = (m1 - Kl + L)/2
In the range ma/m; < Ko, (K2 —m2)/2(K2 —m1) < K; < Ka, one can observe 0 < K; — L <
my < K1 + L < Ks. Since (L + mq — K1)(L — (m1 — K1)) = ma — m3, then L(1 — P(S =
Ki—L))=(m1—K;+L)/2and thus P(S = K; — L) < 1. So the optimal discrete distribution

is well defined.
In the case (v), take

Q5(8) = (KQ — Kl)(Kle — Mo — (KQ — m1)8)2/(K22 — 2K2m1 + m2)2.

We can check ¥(s) < Qs(s) as follows: (1) If 0 < s < K1, then Q5(s) — ¥(s) = Qs5(s) = 0. (2)
If K1 < s < K3, then the derivative
(K> — K1) (K2 —mi)?(2(K2 — Ki1)(s — to) — (K2 — t0)?)

(K2 — 2Kamy + ma)? ’

Q5(s) —¢'(s) =
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where tg = (Kamy1 — ma2)/(K2 — my). One can observe Q5(s) — ¢’(s) is increasing and then
QL(s) — ¥’ (s) < QL(Ka) — ¢/ (K2) < 0 by using the range of ma/m; < Ka, (K3 —m2)/2(K2 —
m1) < Ky < Ky, then Qs(s) —(s) is decreasing and Qs(s) —¢(s) = Qs5(K2) —¢(K2) = 0. (3)
if Ko <s< M, then

(K> — K1) (K> —ma)(s — Ko)((K2 —ma)(s + Ko — 2my) +2(ma — mi))

0.
(K% —2Komq + m2)2 o

Qs(s) —¥(s) =
Hence
Emin(max(0,S — K1), Ko — K1) < EQ5(S) = (Ko — K1)(ma —m?3) /(K2 — 2Komy + ma).

This finishes the proof.
Next we provide lower bounds which are of interests from probabilistic point of view.

Proposition 2.2.  Given any random variable S € [0, M| with ES = m; and ES? = my and
0< K1 < K9 <M fized. Then the following holds.
(l) IfO <K< (Mm1 — mg)/(M — ml),Kl < Ko < (mg — K%)/2(m1 — Kl), then

Emin(max(0, S — K1), Ko — K1) > (K2 — K1)(1 — (ma — m?)/(K? — 2K1m1 +ma))

and the equality holds if S takes only two values, (ma — Kimq)/(m1 — K1) and Ki, with
P(S = K1) = (ma —m3)/(K? — 2K1mq + ma).
(i) If 0 < K1 < (Mmq —ma) /(M —my), (ma — K2)/2(m; — K1) < Ko < (M? —mg)/2(M —
my), then
Emin(max(0,S — K1), Ko — K1) > Ko — K1 — (Ko —m1 +T)/2,

where T = (K3 — 2m1 Ko + mg)l/z. The equality holds if S takes only two values, Ko —T and
Ko+ T, with P(S = Ky — T) = (ma — m2)/2(T% — KoT + miT).

(lll) IfO < K1 < (Mm1 — mg)/(M — ml), (M2 — mg)/2(M — ml) S KQ S M, then
(M — K»)(m2 —mi)
M2 —2Mmq + ms
and the equality holds if S takes only two values, (Mmy —ma)/(M —my) and M, with P(S =
M) = (ma —m?)/(M? — 2Mm1 + ma).

(iv) If (Mmy —ma)/(M —mq) < K1 < ma/my, then

Emin(maX(O,S — Kl),KQ — Kl) 2 my — K1 —

Emin(max(O,S— Kl),Kg - Kl) Z (K2 - Kl)(mg - Klml)/M(M — Kl)

and the equality holds if S takes only three values, 0, Ky and M, with P(S = M) = (mg —
Kimy)/M(M — K1), P(S = K1) = (Mmy —ms)/(M — K1)K; and P(S=M)+P(S=K;) =
(Mmy —mg +miKq)/MK; < 1.

(v) If K1 = ma/ma, then trivially Emin(max(0,S — K1), Ko — K1) > 0, and equality holds
if S takes only two values 0 and ma/my, with P(S = ma/my) = m3/ma.
Proof.  We follow the same idea as that in Proposition 2.1, that is, dominating the function
min(max(0,s — K1), Ks — K1) by quadratic function Q(s) = a + s + vs2, where «, 3 and v
are constants, such that min(max(0,s — K1), K2 — K1) > Q(s). Then

E min(max(0, S — K1), Ky — K1) > mgxIEQ(S) = mgx(oz + fmy + yma).
a.B.y
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Denote
¥(s) = min(max(0,s — K1), Ko — Kj).

In the case (i), we take
Ql(s) = K2 — K1 — (K2 — Kl)(Klml — Mmoo — (Kl — m1)8)2/(K12 — 2K1m1 + m2)2.

We can then check ¥(s) > Q1(s) as follows: (1) In the region 0 < s < K7, since ¥(s) — Q1(s)
is monotone decreasing, then ¢ (s) — Q1(s) = ¢¥(K;1) — Q1 (K1) = 0. (2) If K1 < s < Ko, then
Y(s) — Q1(s) is a convex quadratic function and its symmetric axis is smaller than K7 (since
Ky < (ma — K2)/2(m1 — K1)). These together with (K1) — Q1(K1) = 0 gives ¥(s) > Q1(s).
(3) If K3 < s < M, then obviously ¢(s) — Q1(s) = K3 — K1 — Q1(s) > 0. Thus

E min(max(0,5 — K1), Ko — K1) > EQ1(95)
= (K2 — K1)(1 = (mo —m?) /(K] — 2K1mq +m2)).

In the case (ii), let
Qa2(s) = Ky — K1 — (s — Ko — T)?/4T,
where T = (K2 — 2m1 Ko 4+ m2)'/2. To check 9(s) > Q2(s), observe that Qo(Ky — T) = Ky —
T — K1, the derivative Q5(K2—T) =1, Q2(K2+T) = K3 — K, the derivative Q5(K2+T) =0
and by the range of K in (ii), one can see Ko — T > K1, Ko +T < M, hence Q2(s) is tangent
with 1 (s) at two points Ko — T, Ko + T. And then the concave function Q2(s) < ¥(s). Thus

Emin(max(O,S — Kl),KQ — Kl) > EQQ(S) = K2 — K1 — (KQ —mi + T)/2

Notice that TP(S = Ky — T) = (K3 —my +T)/2 < T, thus P(S = Ky — T) < 1.

In the case (iii), take
Qs(s) = s — K1 — (M — Ky)(s — d)? /(M — d)?,

where d = (Mmy—mz) /(M —mq). Then we can check ¢¥(s) > Q3(s) as follows: (1) In the region
0 < s < K1, since ¥(s) — Q3(s) is monotone decreasing, then ¢¥(s) —Q3(s) = (K1) —Q3(K;1) =
0. (2) If K7 < s < Ko, then

U(s) = Qs(s) = (M — K3)(s — d)*/(M — d)* > 0.
(3) If Ko < s < M, then ¥(s) — Q3(s) is a convex quadratic function and its symmetric axis
is larger than M, this together with ¢(M) — Q3(M) = 0 and ¥(K2) — Q3(K2) > 0 gives
¥(s) — Qs(s) = 0. Thus,

(M — K)(my —m?)

Emin(max(0,S — K1), K2 — K1) > EQ3(5) = m1 — K1 — M2 —2Mmy +my

In the case (iv), we put

Qa(s) = (K2 — K1)(s* — Kys)/M(M — Ky).
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To check ¥(s) > Q4(s), note that (1) in the region 0 < s < K1, obviously ¥(s) = 0 = Q4(s).
(2) If Kl <s < KQ, then

P(s) — Qals) = (s — K1)(1 — s(Ky — K1) /M (M — Ky)) > 0.
(3) If K <s< M,
P(s) — Qas) = (K2 — K0)(M — s)(M + s — K1)/M(M — Ky) > 0.
Thus,
E min(max(0, S — K1), Ko — K1) > EQ4(S) = (Ka — K1) (mg — Kymy)/M (M — K).

This finishes the proof.

Next we present one of the main results of this paper which improves the simple bounds
Var min(max(0, S — K1), Ko — K;) < Varmax(0, S — K;) < Var(S) = mg — m?

on the variance for certain range of parameters. In particular, it is very good when Ko > K,
are close to each other. It should be pointed out that the only known results of this type, as
far as we know, was given in [15] for European option. The method used here is similar but

requires special constructions which are hard to find.

Theorem 2.1.  Given any random variable S € [0, M] with ES = m1 and ES? = my and
0< K1 < Ko <M fized. Then

Var min(max(0,5 — K3), K3 — K1)

o @Mmy —m3)  (Mmq —m2)(2M? — Mmy —ms)  (MKym} —m3)
< (Kp — Ky) + .
902 203K, 9M3(M — Ky)

Proof.  After representing the variance with an independent copy, the key idea is finding good
functions Q(s,t) such that

(min(max(0,s — K1), K3 — K1) — min(max(0, ¢ — K1), Ko — K1))?
< Q(s,t) =a1s+ ast + ass® + aqt? + agst + ags*t® + ar,

where a; (i =1,...,7) are constants. Then

Var min(max (0, S — K;), Ko — K1)
= %E(min(max(o, S — K1), Ky — K1) — min(max(0, T — K1), Ky — K;))?

< mén %EQ(S, T),

where S and T are i.i.d. random variables.

In our setting, we construct a special quadratic function

N o 2
Qols,1) = (K2 — K1>2{ ((]\]\;I3K§]1\4 _K?S B M1Kz>32
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" ((K1K2 — (M + Ko)(M — Ky))t n (M+K2))s

MQKQ(M—Kl) MKQ
N (M + Kyt ¢t
MK, MK, |’

Denote
P(s,t) = (min(max(0,s — K1), Ko — K1) — min(max(0,t — K1), Ko — K1))?
and
Gt(s) = QO(svt) - "/}(Svt)'

To check G¢(s) = 0, note that as 0 < t < M, the coefficient of s? in Qq(s,t) is negative, so
Qo(s,t) is concave as a function of s for fixed ¢, we divide the range 0 < ¢t < M into three parts:

Case (i): Fixed 0 <t < K3, then

0, if0<s< Ky,
U(s,t) =1 (s— K1)?, ifK;<s<Ks,
(KQ—Kl)Q, lfKQSSSM

Note that for fixed ¢, 1(s,t) is convex and increasing as a function of s € [Kj, K] and is
constant for s € [0, K] and s € [K2, M]. On the other hand, Qo(s,t) is concave as a function
of s for any fixed ¢. Thus to show Qo(s,t) = ¥ (s,t), or G¢(s) = Qo(s,t) — (s, t) > 0, we only
need to check it at three locations, namely s = 0, Ko, M. It is easy to check

G1(0) = Qo(0,1) = 0> 0,
Gi(M) = Qo(M, 1) — (M, t) = <K2—K1> HE1 —1)/M(M — Ky) > 0,

Ky(ME, — K)o
M3M—K,) )~

(M? —t)
Gi(Ky) = (K — K1)?t
t(K2) = (K2 1) ( M3K2 +
And thus we see

QO(Ovt) P ¢(O7t)7 QO(K2>t) = w(K27t)7 QO(M7 t) = ¢(M, t)v

which finishes the case (i).
Case (ii). For fixed K7 <t < Ko, then

(t—Kl)Q, 1f0<S<K1,

P(s,t) = (s —t)?, if K1

(Ky —t)%, if Ky

Note that for fixed ¢, ¥ (s, t) is convex as a function of s € [K1, K] and is constant for s € [0, K]
and s € [K3, M]. On the other hand, Qo(s,t) is concave as a function of s for any fixed t. Thus

to show Qo(s,t) = (s, t), or Gi(s) = Qo(s,t) — ¥(s,t) = 0, we only need to check it at four
locations, namely s = 0, K1, Ko, M. First note that

_ 2 _ 2
SR (LEE.5 A PR AP L. ETE0 )P
2 2
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which implies G¢(0) > min(Gg, (0), Gk, (0)) > 0 for the concave function G¢(0). Similarly, it
is easy to see

_ 2
Gi(M) = — (% + 1)t2 + (21(2 +
> min(Gx, (M), Gg,(M)) > 0.

(Ky — K1)*K,

t+ K? - 2K K.
M(M—Kl)) ! 12

Next we have

(M — K1)2 (M + K;) + K{K
GulHa) = (K - K1)2{ - ]\/-1’3K2(M —1K1) -
(M+K2)(M—K1)2+K12K2t_ (M — Ky) (K> _Kl)}
MQKQ(M_Kl) MKQ

+ (Ky — K1)? — (K — t)?

and thus the concavity implies
Gi(K1) = min(Gk, (K1), Gk, (K1)).

By simple computations,

(I — K0’ K (B (K} +2M° — ME)) + (M = K0)* (M + K)o
M3K, g

GKI (Kl) =

e (K3 — Ki)P((M — K\)2K) (M2 — K3) + KK3(M — K3))

e = MM — K1)Ky

= 0.

Finally, we have

(M? — K3)(M —t)  Ky(MK, — Kst)
M3K, M3(M — Ky) )
+ (Ky — K1)* = (Ky — 1)%,

Gi(K3) = (K3 — Kl)Qt(

which implies by concavity G¢(K2) > min(Gg, (K2), Gk, (K32)). Once again, simple computa-
tions show that
(Ky — K1)2(M — K2)K (M — K1)?(M + Ko) + K1 K3)
M3(M — KK
(Ko — K1)*(M? — K3)((M — K1)* + M(M — K>) + K1 K> + K3 — K7)
M3(M — Ky)

Gk, (K2) =

>0,

Gr,(K2) = >0,

which implies G¢(K3) > 0. Putting above together, one can obtain

Q0(07t) > "/}(Ovt)7 QO(KDt) = "/}(Klvt)7 QO(K27t) > w(K27t)v QO(Mv t) > w(Mv t)7

which finishes the case (ii).

Case (iii). For fixed Ko < ¢t < M, one can obtain

(Ko — K1)%, if0<s< Ky,
Y(s,t) = ¢ (K2 — )%, if Ki <5<
0, if Ky < s < M.
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Note that for fixed ¢, 1(s,t) is convex and decreasing as a function of s € [Kj, K3] and is
constant for s € [0, K] and s € [K2, M]. On the other hand, Qo(s,t) is concave as a function
of s for any fixed ¢. Thus to show Qo(s,t) = ¢ (s,t), or G¢(s) = Qo(s,t) — (s, t) > 0, we only
need to check it at three locations, namely s =0, K1, M.

It is easy to check G¢(0) = (Ko — K1)2(M —t)(t — K3)/M K5 > 0. Next we find

2 2
(K1) = (K2~ K1>2{ .- IX})SI%} f{})(f) e
(M + Kp)(M — Ky1)* + KlQKQt (M- Ky)(K - Kl)}
M?Ky(M — Kq) MK ’

which is a concave function and thus implies
Gt(Kl) Z min(GKz(Kl),GM(Kl)) =0.
Also,
Gi(M) = (K3 — K1)> (M — t)(M +t — K1)/M(M — K1) > 0.
Hence,
QO(Ovt) >¢(07t)7 QO(Kht) >¢(K17t)7 QO(M7t) >w(M7t)7
which gives Qo(s,t) = (s, t). Putting three cases together, we obtain
Var min(max(0,5 — K;), Ky — K1)
1
= EE(min(max(O, S — Ki), Ky — K;) — min(max(0,T — K;), Ko — K;))?

= SEU(S,T) < ZEQu(S,T)

(2Mm; —m?) n (Mmy —mgo)(2M? — Mmy —mg) = (MKim? —m3)
902 203K, 2M3(M —Ky) )

(K2 — K1)2(

Note that for any fixed K7, as Ko approaches to Kj, the upper bound approaches to 0,

smaller than trivial bound mg — m?. We complete this proof.

3 Mean and variance bounds on gap option
In this section we consider the gap option with pay-off function given in (1.3). All possible range
of parameters for K > 0 are considered for various bounds of means, and precise distributions

that attain these bounds are given.

Proposition 3.1.  Given any random variable S € [0, M| with ES = m; and ES? = my and
K € [0, M] fized. Then the following holds.

(i) If K < ma/my, then trivially ES1(s>x)y < mi, and equality holds if S takes only two
values 0 and ma/my, with probabilities P(S = 0) = 1 —m3/ma. Here 1(s>k) is an indicator
function which takes 1 for (S > K) and 0 otherwise.

(ii) If K = ma/ma, then

ES1(s>x) < K(ma —mi)/(my — 2m1 K + K?)

and the equality holds if S takes only two values K and (m1 K —ms) /(K —my), with probabilities
P(S = K) = (ma—m?)/(ma2—2m1 K+ K?), P(S = (m1 K —ma) /(K —m1)) = (K—m1)?/(ma—
2mi K + K?).
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Proof.  For the case (ii), we follow the general principle of dominating the function s1(,> k)
by quadratic function. Consider quadratic functions Q(s) = o+ 35+ vs2, where «, 3 and « are
constants, such that s1(,>x) < Q(s). Then

ES1(s>k) < mm]EQ() min (o + fmq + yma).

By

In our setting, we take
Q(s) =Qo(s) = K(K —mq)s — (m1 K — mg))Q/(mg —2m1 K + K2)2.

To check s1(s>x) < Qo(s), let
G(s) = Qo(s) — sl(s> k),

then we only need to check G(s) > 0. (1) If s < K, then obviously G(s) = Qo(s) —0 > 0. (2)
If s > K, then
K(s— K)?>(K —my)? K?2—m
G(S)ZQ()(S)— _ ( ) ( 1) ( 2)

o (m2 — 2m1K + K2)2 (m2 - 2m1K + K2)

Since K > ma/my, then K2 > msy which gives G(s) > 0. Hence
ES1(s>r) < EQo(S) = K(mg —mi)/(mg — 2m1 K + K?).

Notice that K > ma/my > mq > (Mmy — mg)/(M — my), then the value of optimal discrete
distribution S satisfies 0 < (mi1 K — mg)/(K —m1) < K. And as K > mg/m;, the bound is
smaller than trivial bound m;. We complete the proof.

Next we provide lower bounds which are of interests from probabilistic point of view.
Proposition 3.2.  Given any random variable S € [0, M| with ES = m1 and ES? = my and
K € [0, M] fixed. Then

(i) O K < (Mmy —mg)/(M —my), then
B K(mg —m?)

mg — 2Kmy + K?

ES]—(S>K) = my

and equality holds if S takes only two values K, and (mg — m1K)/(m1 — K), with probability
P(S = K) = (ma —m3)/(ma — 2m1 K + K?).
(ii) If (Mm1 —m2)/(M —m1) < K <ma/ma, then

ES1(s> k) = (m2 — Kmy)/(M — K)

and the equality holds if S takes only three values, 0, K and M, with P(S = K) = (Mmy —
me)/K(M — K), P(S = M) = (mg — m1K)/M(M — K), and P(S = K) +P(S = M) =
(Mmq —mo+m K)/MK < 1.

(iii) If ma/my1 < K < M, then trivially ES1 (s~ k) = 0, and equality holds if S takes only
two values 0 and ma/my, with probability P(S = 0) =1 —m?/mo.

Proof. 'We use the same idea as in the proof of Proposition 3.1. In the case (i), we take

(s — K)(b? — sK)

Ql(s) = (b — K)2 )
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where b = (mg —m1K)/(m1 — K). Note that K < b < M. To check Q1(s) < sl(s>x), observe
that if 0 < s < K, then Q1(s) — sl(ssri) = Q1(s) <05 if K <5 < M, then Q(s) — slss i) =
—K(s—b)?/(b— K)* <0. Hence Q1(s) < sl(s>x) holds and we obtain

K(mg —m?)

ESl(S>K) 2 EQl(S) =my — g — 2Km1 —I—KQ.

In the case (ii), let

Qa(s) = (s* = Ks)/(M - K).
To check Qa(s) < sl(s> k), observe that if 0 < s < K, then Qa(s) — sl(ss i) = Q2(s) < 05 if
K < s <M, then Qa(s) — sl(ysx) = —s(M — s)/(M— K) <0. Hence Q2(s) < sl(s> k) holds

and we obtain
ES1l(s>k) 2 EQ2(S) = (m2 — Kmy)/(M — K).

This finishes the proof.
Next we present our improvement on the variance for certain range of parameters. This case

is much simpler than the case in Theorem 2.1. Note first that we have the trivial bounds
VarSl(S>K) = ESQ]—(S)K) - (ES]-(S>K))2 < mo — Kz,

which is sharp for S = K. However, the information on the mean ES = m; was lost. The
estimates below can be very good for small value K > 0. It is easy to check that it is worse
than the bound ms — K2 for K > mq

Theorem 3.1.  Given any random variable S € [0, M] with ES = m1 and ES? = my and
K € [0, M] fixed. Then

2M — K)m? Km?
VarSl(S>K)<m2—max(K2,( )™y Ul )

oM2(M — K) 2(M —K)
where 1(s>ky is an indicator function which takes 1 for (S > K) and 0 otherwise.
Proof. Let S and T are i.i.d. random variables, then
1
VarSl(S>K) = 5E(Sl(s>]{) - Tl(T}K))2~

Thus, if we find a good function Q(s,t) = ais + ast + azs® + ast® + asst + ags®t? + ay, such
that (s1(s>x) — tlusk))? < Q(s,t), then VarSl(s>x) < $EQ(S,T). In our setting, we take

Kst _(2M—K)32t2
M—-K MXM-K)

Q(s,t) = s> + 12 +
Denoting 9(s,t) = (s1(s>x) — tl(t>K))2, to check

W(s,t) = (slssr) — lasr)? < Q(s, b),

we divide the region 0 < s,t < M into four parts:
(1) If 0 < s5,¢t < K, then

Qs, ) — (s, 1) 252(1 ]\t;> 24 % > 0.
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(2)f0<t< K, K < s< M, then we have

2
9 s st(MK — st)
— = B — —= > 0.
Q)= w58 = (1= 572 ) + Sia— oy 20
(3)f0<s< K,K <t< M, then we obtain
t2 st(MK — st)
2
— = — > 0.
Qont) = 05,0 = (1= 1 ) + Sty 0
(4) If K < s,t < M, then
— 2 _
O(5.) — (5.8 = (M — K)st(M? —st) _

M2(M — K)

Hence, ¥(s,t) = (s1(s3K) — tl(t>K))2 < Q(s,t). Therefore

1
VarSl(s> i) = 5E(S1(s>x) = Tlhr=x)*

< SEQ(S.T) = ms - (QM‘K)’”% Ko )

2M2(M —K)  2(M - K)

Note that for small value K > 0, the far right is smaller than trivial bound mg — K2. This

finishes the proof.
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