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ABSTRACT. Let Fy be the collection of all d-dimensional probability distribu-
tion functions on [0,1]%, d > 2. The metric entropy of Fy under the La([0,1]%)
norm is studied. The exact rate is obtained for d = 1,2 and bounds are given
for d > 3. Connections with small deviation probability for Brownian sheets
under the sup-norm are established.

1. INTRODUCTION

Metric entropy is an important tool that has been widely used in many areas.
Roughly put, it is a quantification or measurement of compactness. Given a set T’
in a Banach space (E, || - ||) and given a small £ > 0, the metric entropy of T can
be defined as log N(T\, | - ||, &), where N(T\, ] - ||, ¢) is the minimum covering number

n
N(T,||-|l,e) :==inf S n: 3ty ta, ...ty €T, st. T C | Bltx,e)
k=1

and B(z,e) is the open e-ball in E centered at . When there is no confusion
regarding the norm, we write log N(7T,e). The precise definition of the metric
entropy was given first by A. N. Kolmogorov, and its various asymptotic behaviors,
as ¢ — 07, have subsequently been studied and applied in approximation theory,
geometric functional analysis, probability theory, and complexity theory; e.g., see
the books by Kolmogorov and Tihomirov [§], Lorentz [12], Carl and Stephani [3],
and Edmunds and Triebel [5].

In this paper we consider the case where T is the collection of probability distri-
butions on [0, 1]¢, denoted by F4, and we study its metric entropy estimate under
L%-norm. Because absolutely continuous functions are dense in F; under L2-norm,
we assume that F; consists only of distributions that have a density. This problem
arises naturally in non-parametric estimation in statistics; see van der Vaart and
Wellner [T4].

The main contributions of this paper are the following estimates and the estab-
lishment of very useful connections between the metric entropy of F, under L?-norm
and the small deviation probability for Brownian sheets under the sup-norm.
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Theorem 1.1. For d > 2 there exist constants ¢y, co > 0 depending only on d such
that for 0 < e < e !,

cre” log(1/)]"" < log N (Fy, || - [l2,€) < oz {log(1/e)]47 /2.
Moreover, for d =2,
cre” log(1/e)]*? < log N(Fa, | - ||z, ) < eae™ log(1/e)]*/.

The result for the case d = 1 is known. Specifically, van der Vaart and Wellner
[T4] contains (on page 159) a proof of the upper bound estimate of the covering
number. We give a shorter proof in the next section.

We underscore a fundamental duality relation for metric entropies, which changes
the focus from one norm to another. Indeed, it is a crucial tool for our proof of
Theorem 1.1. Let T° be the polar body of T, and let B* be the unit ball of the
dual space E* of E. If one of the norms is the L2-norm, then for small € > 0,

log N(T || - ||, €) = log N(B", || - [|7e, ce)

up to a multiplicative constant. Here a = b means ¢; < a/b < ¢ for some constants
0 < ¢1 < g < 0o. The duality relation in the general case has been a conjecture
for more than 30 years; see Artstein et al. [I] and [2].

The remaining sections Sare organized as follows. Section 2 deals with the case
d = 1 and points to the main difficulties in the higher dimensional case. Section
3 presents the useful connection with small ball probabilities, which is based on
the duality relation (stated above) and fundamental links between metric entropy
and small ball probabilities for Gaussian measures (discovered in Kuelbs and Li
[9] and completed in Li and Linde [I0]). In fact, the main significance of this
paper is the discovery of this connection and using it to obtain previously unknown
estimates on metric entropy of distribution functions. Whereas the upper and lower
bound estimates in Theorem 1.1 can both be obtained from known results on small
ball estimates, we present in Section 4 a direct and new argument establishing the
lower bound. This provides the simplest known proof of the corresponding result for
small ball estimates in the two-dimensional case. Two different (and more difficult)
proofs in the small ball setting are presented in Talagrand [I3], Gao and Li [7]. For
a survey of small ball probabilities and various applications, see Li and Shao [I1].

2. THE CASE d =1

The upper bound in the following result can be found in [I4]. Our proof below
is somewhat simpler. The lower bound may also be known, but we were unable to
locate a reference.

Proposition 2.1. There exist constants ¢1 and co such that
et < log N(F1, | - |2, €) < coe™ L.

Proof. For convenience, we assume 1/e = n is an even integer. To obtain the lower
bound, we construct random functions on [0, 1] by

0, z=0,

fo() =< (k—1/2)e +me/2, x€[(k—1)e,ke), 1<k<n,xz#0,z+#1,
1, =1,
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where n, € {—1,1}. Let U be the collection of all such functions. Clearly U
contains 2" distinct functions, each of which is a probability distribution function
on [0,1]. Given f, € U and f,y € U, define the Hamming distance

dn(fn, fry) = card{k : mp # ), 1 <k <n}.
Clearly, for each f € U, the set {g € U : dn(f,g9) < [n/10]} contains no more
than ZLZ/OIO] % < 27/2 functions. Thus, we can find N = 2"/2"/2 = 2"/2 functions
fi, fa, ..., fn € U, such that dy(fi, f;) > [n/10] for all i # j, 1 < ¢,5 < N. Thus,
|fi(z) — fj(z)| = € on at least [n/10] intervals ((k — 1)e, ke) of length . Hence
| fi — fill2 > &/+/10. Therefore N(Fi, | - ||l2,e/+/10) > 27/2 which implies the lower
bound in the proposition.

To obtain the upper bound, let Fg 4 be the collection of probability distribution
functions on [0,a]. Each f € Fjg 1) can be approximated by step functions from
below and from above, and, therefore, f can be assumed always to take values in
{0,¢,2¢,...,ne}. Consider the intervals [(k—1)e/2, ke/2) that are contained in [0, 1].
Because f is nondecreasing and takes value in {0,¢, 2¢, ...,ne}, f is constant on at
least a half of these 2n intervals. Choose n such intervals Iy, I, ..., I, ordered
from left to right. Let a1 < as < --- < a, be the respective values of f on these
intervals. Define ¢g(0) = 0 and

g(x) = Z aily,(z)

for z € (0,1]. Because there are (*") choices of {I}, I, ...,],} and because for
each choice of {Iy, I, ..., I,,} there are no more than (":") choices of the values

a1 < ag < - < ay, the total number of choices of g is no more than (27?)2. Once
g is fixed, consider the function f — g. By deleting I3,...,I,, from [0, 1] and shifting
the remaining intervals to the left, f — g corresponds to a probability distribution
function £ € Fo1/9. Write Ty(f — g) = &, where Ty is the shifting operator

depending on g. Let S be a 10e-net of Fjg 1 /9] with cardiﬁality N(Fio,1/2, I 1], 10¢).
Then, there exists a p € S, such that || — ully < 10e. Hence, ||f — (9+ T, 'p)ll2 =
€ — pll2 < 10e. Because there are no more than N(Fg /9, || - ||2,10¢) - (2:)2

realizations of g + Tg_l,u7 we obtain

2n\
@0 Vol 120 < () N Foaga - o100
Note that a set is a 10e-net of Fjo 1 /9] if and only if its dilation {f(¢/2) : f(t) € U}
is a 10v/2e-net of Fo 1. Thus, N(Fjo12, [ - [|2,106) = N(Fpop, | - [l2, 10v/2¢).
Putting this in (2.)) and using the fact that (27?)2 < 247 = 2%/¢ we obtain
N(Fiops || - ll2,128) < 24 - N(Fpo || - [|2, 10v/22).
By iteration, we obtain the upper bound. (I

Remark 2.2. The preceding proof shows that we can require g + T 'y > f or
g+T 'y < f. Thus, the upper estimate holds also for bracketing entropy, as given
in [14].

Remark 2.3. In the proof of the lower bound, we used the fact that F; consists
essentially of all increasing functions f(x) on [0, 1] with f(0) =0 and f(1) =1. An
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obvious difficulty in the higher dimensional case is the lack of a simple analogous
characterization of F;. Thus, a different method is needed to construct a large,
well-separated set of functions in Fy.

3. CONNECTION WITH SMALL BALL PROBABILITY OF BROWNIAN SHEETS

First we note
N(Fa, I 1l2,€) = N(&a, || - |25 €),

1,1 1
Ea = {/ / x / dp : p is a probability measure} .
t1 to ta

Indeed, a finite set {f;} is an e-net of Fy if and only if the set {g;} is an e-net of
&4, where

where

gi(tla tg, ...7td) = fz(]. — tl, 1-— tg, ceey 1-— td).

Let {¢p, ®- - @y, : ki € N,1 < i < d} be an orthonormal basis of L2[0, 1]¢. For
f.g €& leta=(ak, r,) and b= (b, . k,) be the Fourier coefficients of f and g,
respectively, relative to {¢x, ®- - -@¢x, }. By Parseval’s identity, || f—gll2 = ||a—b||;2.
Thus,

N(Fa |- ll2,€) = N(&a, | - [l2:€) = N(S, || - lli=, €),
where

S = {(ak1;~'~;kd) = <gv¢k1 - ¢k?d> ‘g€ 5d}
If u is the probability measure corresponding to g € &4, then using integration by
parts, we obtain

ty ta
onwewo)=(u [ [Toneoo).

In other words,

t1 taq

S = {(akl,m,kd) POy, kg = <:u’/ ¢k1®"'®¢kd>7”ﬂ”1 :1§:u>0}'
0 0

Let

t1 tq
T= {(akl,m’kd) Ay, kg = <M7/ ¢k1 ®"'®¢kd>a“:u|1 < 1}‘
0 0
Then, clearly T" D S. Thus,

IOgN(Tv H : ||lz,£) > IOgN(S7 H : Hl27€) = IOgN(fuh H : H%E)'

On the other hand, for any p with ||u||; < 1, there are probability measures p; and
wa, such that = gy — po. Thus, T'C S — S, which implies that

log N(T, | - 1) < 210g N(S, | - l2,2/2) = 21og N(Fa, | - l2,2/2).
By the duality relation stated in the introduction, we have
log N(T, | - |l12,€) = 1 log N(By2,T°, cog),
where B2 is the unit ball of {2 and T° is the polar body of 7. Thus,
log N(Fa, | - |l2,€) = c1log N(By2, T°, ca¢).

Note that T is convex; in fact, T is precisely the absolute convex hull of the set

t1 ta
{(akh...,kd) DOk, kg =/ / Oy @+ Q Py, (t1, ..y ta) € [0, l}d}
0 0
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(cf. Gao [6]). This observation leads to the connection with small ball probability
of Brownian sheets, to which we now turn our attention.

A d-dimensional Brownian sheet By(t,-), t € [0,1]¢, d > 2, is a Gaussian process
on [0, 1]¢ with covariance kernel

S) = Hmin(ti,si), t= (tl,tg, ...,td), S = (81,82, ...,Sd).

It is sometimes called the d-fold tensor product of standard Brownian motion.
It is easier to deal with its canonical series expansion

Ba(t,) = Z Ekryororka (VL2 Pk, @ - @ Piy)

ki,...ska
/ / ¢k1 - ® Qbk‘da

where T} is the generating compact operator of By(t) defined by

Il
A2}
=

(31) Tdf Ll1yeeey T / / f tl,..., dtl dtd,

{¢r, @+ @y, } is any complete orthonormal system in L2([0,1]¢), and &, . x, (")
are i.i.d. standard normal random variables. Now we observe that

sup |Ba(t,w)| < € (§ky,. g (w)) € €T°.
te(0,1]¢

Therefore,

P( sup |Ba(t,-)| < 6) =7(eT”),
te(0,1]4
where v is the standard Gaussian measure.

The remaining part of this section is to relate y(¢7°°) with N(Bj2,T°, ¢). Roughly
put, the smaller the value of y(e7°), the larger the covering number N (Bjz,T°,¢).
The remarkable discovery in [9] (completed in [10]) is that there is a tight connection
between these two quantities: upper (lower) bound on one implies lower (upper)
bound for the other. In particular, the statement is

logy(eT°) ~ —e*[log(1/e))”
if and only if
log N(Bp2,T°, &) ~ e ' (log1/¢)?/2.
However, it is also proved in Dunker et al. [4] that
logP { sup | Ba(t, )| < e | > —ce*[log(1/e)2.
te[0,1]¢

Therefore, the upper bound of Theorem 1.1 follows from the one-sided result in [I0].
The lower bound also follows from the best known results on small ball probability;
see [7] for details and history, and see also the discussion in the next section.
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4. LOWER BOUND

As noted above, we could just as well have used the known upper bound for
small ball probability of Brownian sheets to obtain the lower bound for entropy
of distributions. However, the proof given below is new and different. Indeed, in
view of the equivalence given above, it gives the simplest known proof regarding
the upper bound of small deviation of Brownian sheet in the two-dimensional case.
The key to the proof is the idea of random Riesz products and random sums, which
we now proceed to explain.

Given m € N (where N denotes the set of positive integers) and 1 <1i < 2™, we
let {¢y,;} be the orthogonal, rescaled and shifted Haar functions defined by

1, te[i-1)2"™, (i—3/427 ™) U[(i — 1/4)27™, i2=™),
Ymi(t) = ¢ =1, [(: —3/4)27™, (i —1/4)2™™),
0, otherwise.
For a fixed even integer n > 2d and for 1 < k < n, we denote
M, = {(m1,ma,....,my) € N :mqy4+mo+--+mg=n,m;is even,1 < i < d}.
It is easy to check that |M,,| = (nd/i_ll) ~ (n/2)41/(d —1)!. For M € M,,, denote
Tar = { (i1, .y ig) € NT iy < 2™ 1 < j < d},
and for I = (i1,1a,...,14) € Zpn, denote
(4.1) U1 = Pmajin @ Pmgjis ® - @ Yy iy -

For each nn = (nas,1), where the nas s (I € Ipy, M € M,,) are independent Bernoulli
random variables (i.e., P(na;r = £1) = 1/2), we consider the random function

Fau(om) = > narar¥ars(?)
1€y
and then define the random functions

Ru(m) = ] (+Fu(.n) ifd=2,
MeM,,

Rn(m) = > Ful(,n) ifd>2.

1
VIMal i,

Note that the Fj; are orthogonal functions, with ||Fasll2 = 1, and therefore, for
d > 2, [|Rn]l1 < ||Rnll2 = 1. Also note that |Fa| = 1. It is easy to check that for
d = 2, we have R, > 0 and ||R,(-,n)||; = 1 for all 5. Clearly, there are 2/MnI2"
realizations of R,. Between any two realizations R, (-,n")) and R,(-,n?), we
consider the Hamming distance

dh(Rn('777(1))7Rn('vn(Q))) = Ca“rd{(M7 I) RS IMaM S Mnang\}[),[ 75 775\3),[} .

By a combinatorial argument similar to the one given in Section 2, we can find at
least N ~ exp(c;n?=12") realizations R, (-,n(?), i < N, such that

dh(Rn('a 77(1))7 Rn(, ,,7(]))) > 02nd712n
for all i # j. For each of such R, (-,n(?), 1 <i < N, we define

X1 Tdq .
fi(xl,xg,...,xd):/ / R (-, ) (ty, ..., ta)dty - - - dtg.
0 0
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Next we show that there exists a constant ¢z such that for all i #£ j,

(4.2) Ifi = £ill2 > {03\/52”, d=2,

327", d> 2.

By Bessel’s inequality,

Ifi=£ill5 = > >0 1= f5 Haa) I

4015

MeM,, 1€l
where the H; ; are orthonormal Haar functions; i.e., Har 1 = oy iy @ @ Ry igs
and
oam/2 . te|(i—1)27™, (i —1/2)27™),
Bm,i(t) = € —2m/2 t € [(i —1/2)27™,i27™),
0, otherwise.

Case d > 2. Note that

(4.3) fi—fi= Z Z 771(\24)1 771(\]4)1 )P,
MEM,L 1€y
where
Porrr = bmyiy @ ® Gmgiias

and
Oa t ¢ ((Z - 1)27m’,i27m)’
2-m/2=2 = (i —3/4)27™,

Om.it) = —27m/2=2 0 = (i —1/4)27™,

linear, otherwise.

(¢m,i is the integral of ¢, ;.) Because

0 ' 11)s
(Gumis hpj) = {23777,/237 (p J.) i (m Z;

(p,5) = (m, 1),
we have
» st Hygr) — {3/ e,
Thus,
(fi = fis Hur) = |/1\/ln|(n§\?l 77%]4)1) 9—3n/2=3d
Hence,

1fi = 5113

v
]
]
o~
<
5

(4) (4)
/\/17||77z 77]\]4[|2

n

Y

2. 2

MeM,, 1€y |

23 D) @)} > 29-2

= T 4dy(nD, V) > 222,
‘Mn‘ h(ﬂ n )—03

proving ([@2) for the case d > 2.
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Case d = 2. We multiply out the product in R,,(-,7?) and write

fi = (xlxz-i- Z an\?’I@M,I>

MEMn IEIIVI
(4) (1)
+ZZ/ / By gy By, dtidts
p>2
=: <$1$2 + 0y Z Mt q’MI) +QY,
MEMn IEIIVI
where the inner summation in st ) is over all even integers 0 < k1 < ko < --- <

k, < n. We show that for each M = (mq1,ms) € M and I € Ty, <Q53),HM,1> =0.

Indeed, we can write @Q,, as

T2
SN [ Wi t0) Mt [ W82 g, 1)
oo 0 0
where the inner summation is over all even integers 0 < ky < ky < --- <k, <mn

and all 1 <4 < 2R 1 < j <277k 1 <[ < p. Because ¥y, 4, ,1/1k is

constant on the support of ¥, i,, we have

p—1,tp—1

/ 1[wm1<t1) o Ppy i, (t1)]dty = const - ¢, i (T1).
0

Similarly,

/ e (2) - “Pnky gy, (t2)]dts = const - @p g, j, (22).
0

Because k, +n — ki > m1 + mg = n, we must have k, > my or n — k; > mo. If
k, > my, then for any 1 < r; < 2™ hy,, . is constant on the support of ¢y ;,,
and therefore,

1 1
/ ¢kp,ip (xl)hml,rl (1‘1)d1‘1 = const - / ¢kp,ip ($1)d$1 = 0.
0 0

Similarly, if n — k1 > ma, then fol Gr—ky jr (T2) Py ry (x1)dz1 = 0. In either case, we
have

1,1
/ / ¢kp,ip (-’Ifl)¢n7k1,j1 (l‘g) ' hml,rl (Il)th,rg (-T2)dx1dx2 =0.
o Jo
Hence, <Q$f), HM’1> = 0. Therefore,

(i Sy Hag) = D D7 (g = npp) (®p Hana) = () — ) )27/~
PeM,, LEIp

which implies

I1fi = fill3

Y

Z Z|77M1 |23n6d

MeMIELy
_ 9-3n—6d 4dh(77(i)7"7(j)) > c§n272",

and thus (£2) holds for the case d = 2.
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Proof of the lower bound in Theorem 1.1. Let

T Tdq
Ga = {g:g(xl,xg,...wd):/ / r(t1, ..., ta)dty - - dtg; |71 <1}.
0 0

Note that we have constructed exp(c;n?=12") functions f; € Gg with || filleo < 1 and

| fi — fjll2, which satisfy ([2) for i # j. In the case d > 2, we choose € = ,/c32™"
and obtain

(4.5) log N(Ga, || - l2,€) > ein®™ 127" ~ /e~ (log 1/e)47 1.
In the case d = 2, we choose € = /c3n2~" and obtain
(4.6) og N(Ga, || - ll2,€) > e1n2™" = e (log 1/¢)3/2.

By monotonicity of the covering number, [@3) and (6] hold for all small e.
Because Gy C Fy — Fy, we have N(Gq, | - [|2,€) < [N(Fa, | - [|2,/2)]?, and the
lower bound in Theorem 1.1 follows.

Remark 4.1. An interesting problem is to find the rate of log N(Fy, || - ||p, €) under
the Ly-norm, 2 < p < oo. Note also that the set F4 is not compact under the
sup-norm.
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