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LIMITING BEHAVIORS FOR BROWNIAN MOTION REFLECTED
ON BROWNIAN MOTION *

XIA CHENT AND WENBO V. LIf

Abstract. Suppose that g(t) and W; are independent Brownian motions starting from g(0) =
Wo = 0. Consider the Brownian motion Y; reflected on g(t), obtained from W; by the means of
the Skorohod lemma. The upper and lower limiting behaviors of Y; are presented. The upper tail
estimate on exit time is computed via principal eigenvalue.

1. Introduction. Brownian motion reflected on Brownian motion appeared in
recent papers by Soucaliuc, Toth and Werner (2000), Burdzy, Chen and Sylvester
(2000) and Burdzy and Nualart (2002) in their study of reflected Bronian motion and
corresponding heat equation in domains with space-time boundaries. In this paper,
we study the upper and lower limiting behaviors of Brownian Motion reflected on
Brownian Motion. Our starting point is the following beautiful result of Burdzy and
Nualart (2002).

Suppose that g(t) and W, are independent real Brownian motions starting from
g(0) = Wy = 0. Consider the Brownian motion Y; reflected on ¢(¢), obtained from
Wy by the mean of the Skorohod lemma. Here g should be thought of as a “fixed
Brownian path.” Then

—Yt:(Wt-i-Ct)/\/i t>0

where Cy is a 3-dimensional Bessel process independent of W; and starting from 0. A
process with the same distribution as {(W; + C;)/v/2,t > 0} is called a BMB-process
in Burdzy and Nualart (2002) and many useful properties are given.

The main goal of this paper is to present some “global” results for BMB-process
and a natural generalization. Namely

THEOREM 1.1. Let X(t), X(0) = 0, be a d-dimensional (d > 1) Bessel process
independent of W. Then

li?lb;lip W(W(ﬂ +X(t) =2 as. (1.1)
lim inf _ (W) +X(t) =—-V2 as. (1.2)

t—oo y/tloglogt
and for d # 2

loglogt
liminf 4/ 8087 sup | W (s) + X (s)| = T as. (1.3)
t—o0 3 s<t 2

In particular, we have for Yy, Brownian motion reflected on Brownian motion,

1
liminf ————=Y (t) = —v2 .S. 1.4
pae tloglogt ® V2 s (14)
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lim sup

1
t—oo V/tloglogt

.. /loglogt T
lim inf sup |Y(s)| = —= a.s. 1.6
t—00 t SSIZ| ( )’ V3 (1.6)

It is interesting to see that the behaviors in (1.4) and (1.6) for Y is exactly the
same as those for W. Furthermore, due to the time reversibility, their behaviors near
time zero are also the same.

Next we outline some of the tools we used. As it can be seen in the next section,
the main part of this work is to estimate the upper tail of the exit time from a suitable
domain. The approach we follow is to reduce our problem to the principal eigenvalue
of the Markov process (W (t), X (¢)) killed upon the exit from the domain. This ap-
proach has been effectively utilized by Donsker and Varadhan (1975-1983) in their
fundamental work on Large deviations for Markov processes and its applications, and
by Pinsky (1985, 1995) and Rémillard (1994) in various problems involving estimates
of exponential type. In Donsker and Varadhan (1975), the principal eigenvalue is rep-
resented in terms of the I-function in large deviation theory. In Berestycki, Nirenberg
and Varadhan (1994), the existence of the principal eigenvalue is discussed in general
setting. Our results require exact evaluation of the principal eigenvalue, which is be-
yond the general theory. Fortunately, the generators we deal with are self-adjoint, in
which case the principal eigenvalue can be written as a computable quadratic vari-
ation. Some techniques we use here are partially inspired by the work of Rémillard
(1994). To be more precise, we state our main probability estimate.

Yt)=1 a.s. (1.5)

and

THEOREM 1.2. Let W and X be given as in Theorem 1.1. Then for d # 2,

2

lim 1logIP’{ sup [W(s) — X(s)] <1} = ——. (1.7)
t—oo t s<t 4

Note that sup, ., [W(s) — X (s)| and sup,«, |W(s) + X (s)| have the same distri-
bution and we use minus sign for convenience in our proofs. Furthermore, as it can
be seen in the next section, we have the variation formula in the case d = 2, but could
not evaluate it explicitly. We strongly believe that both (1.3) and (1.7) hold for d = 2.

There are two ways to view the estimate in (1.7). The first can be stated as

lim L logP{m >t} = ~ (1.8)
lim ~logPyrr 2t =~ :

where 71 is the first exit time of (d + 1)-dimensional Brownian motion from the
unbounded domain

I={(z,y) ERIXR: 1 <y— ||y <1}. (1.9)

In this setup, the generator is the half Laplacian on R%*t! and the domain is the part
between two parallel right corns. Our approaches detailed in the next section work in
this setting as d = 1. Other related interesting problems and techniques on the first
exit times of higher dimensional Brownian motion from unbounded domains can be
found in Barfiuelos, DeBlassie and Smits (2001), Li (2002).
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The second way can be stated as

2

.1
tlirgo Elog]P’{TG >t} = 7 (1.10)

where 7¢ is the first exit time of the diffusion process (X (¢), W (¢)) from the unbounded
domain

G={(z,y) eER" xR: |y —z| < 1}. (1.11)
As d > 2, the generator is
Lf(zx )—lAf(x )+E£f(x ) (r,y) eRT xR (1.12)
7y - 2 ’y 2Jj 632 ’yV 7y M M

These are two ways we handle the problem in the next section.

Next we make some simple observations. We assume throughout this paper that
W(t),W;(t), j = 1,2,---d are independent standard Brownian motions and thus we
can use the representation

1/2

d
XM= {XWm?| =Bk

where By(t) = (Wy(t),---,Wq(t)) € R? is the standard d-dimensional Brownian
motion. It is well known and follows from rotation invariant that as process,

in law and thus as process,
(W) +|Wi(t)] = t >0} = {vV2max(W(t), W1(t)) : t >0}

in law by using 2max(a,b) = a + b+ |a — b|. This allows us to obtain the following
sharp lower bound in the case d = 1:

(s W) W) < 1)

—P (V2 sup max(1V () W(s) < 1)

0<s<t

> P (—1 < VW (s) <1, V2Wi(s) < 1V0 < s < t)

=P (\/5 sup |W(s)| < 1) P (\/5 sup Wi(s) < 1) )
0<s<t 0<s<t

For d > 1, an easy upper and lower bounds for the probability estimate in Theorem
1.2 can be found by using the well known estimates

1
lim —log]P’< sup X(s) < 1) = —j2/2 (1.13)
t—oo ¢ 0<s<t

where j, is the smallest positive zero of the Bessel function J,, v = (d — 2)/2, and
Jj—1/2 = m/2. The above estimate can be obtained either from the exact distribu-
tion result due to Ciesielski and Taylor (1962) or from a general principle eigenvalue
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approach detailed in Donsker and Varadhan (1976). Now by using the simple fact
that

p( sup |W(s) + X(s)| < 1) < P( sup |W(s)| < 1)

0<s<t 0<s<t

via Anderson’s inequality, and

IP’( sup |W(s) + X(s)| < 1) > IP’( sup |W(s)| < )\> -]P’( sup |X(s)|<1- )\)
0<s<t 0<s<t 0<s<t

for A = ]2/13/2/(32/13/2 2/3)

we have

1
S 02 < i 108 (s [W(s) + X < 1) < 12 0/2 = 25

0<s<t

In particular, combining the above estimate with Theroem 1.2, we see that for —1 <
v<—1/2, 5, > (2Y3 —1)32J_, )5 = (213 — 1)3/21/2.

Finally, we mention the following heuristic argument which is suggestive but seems
impossible to produce a rigorous upper or lower bound. We observe that for fixed
s >0,

d d
W(s)+ X(s) =W(s)+ sup Zx]—Wj(s) = sup [ W(s)+ Z:ch](s)

lzl2=1524 |z|2=1

and for fixed x € R? with |z|y = 1,
+Zx] 1+ |22W(s) = V2W(s)

in distribution where W is a standard Brownian motion. Jointly, our Theorem 1.2
implies

1 1 2
lim —log]P’< sup |W(s) + X(s)|] < 1) = lim —10gIP’< sup |V2W (s)| < 1) =T
t—o0 t t—oo t 4

0<s<t 0<s<t

where the last equality follows from (1.13).

The rest of the paper is organized as follows. In Section 2, we present the proof
of Theorem 1.2 viewed as the large deviations of the first exit time of the diffusion
process (X (t),W(t)) from the unbounded domain G in the case d > 2, and the
diffusion process (Wi(t),W(¢t)) from the unbounded domain T' in the case d = 1.
They are necessary for the proofs of Theorem 1.1 and important in their own. In
Section 3, we give the proof of Theorem 1.1 which also requires some large deviation
estimates.

2. The first exit time and principal eigenvalue. Recall that G is given in
(1.11). We now prove that

1 . 2 d—1
Jlim > log P{max [W(s) — X (s)| <1} = 2%71 ol o / IV f(z,y)[*2" dzdy
(2.1)
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where, by the notations we shall introduce below, C§°(G) is the class of continuous
functions f(x,y) on G which are infinitely differentiable and f(z,y) = 0 if y —x = +1.

We first deal with the case d > 2. Consider the diffusion process (X (t), W(t))
with state space R x R and generator given in (1.12). Tt is easy to see that as a
linear operator on the Hilbert space L2(R* x R, 7), L is self adjoint, where 7 is the
measure on Rt x R given by

m(dz, dy) = x? dzdy

and

1
< Lfaf >p= __/ |Vf(a:,y)|2xd71dxdy
2 Rt xR

if f is smooth enough. Write

1/2
e = (/R Rﬁ(a:,y)as“dxdy) .

For an open domain D (with respect to the relative Euclidian topology on RT xR.)
in the space RT x R we define

o —inf{t>0; (X(1),W(t) ¢ D}.
Define the semigroup T; (¢t > 0) by
Tif(z,y) = E (1) (f(X(t)’ W(t))f{mzt}>-

Note that P(, ,y{7p = 0} = 0 for each (x,y) € D. We have Ty = id. Let C5°(D) be the
class of of functions f continuous on D, infinitely differentiable in D and f(0D) = 0.
Notice that RT x R is a whole space in our setting. In other words a open set D
in R™ x R may contain the vertical line segment {(z,y); z =0 and —1 <y < 1},
in which case the line segment should not be viewed as a part of D. By a trivial

extension, all functions f in C§°(D) can be viewed as the functions defined on R xR,
with f = 0 outside D. For each f € C§°(D),

TpAt
FXapnis Wopn) = [ LICX(5), W ()
0
is a martingale. Hence, using the fact that f(0D) = 0,
1 I
; (th(x,y) - f(mvy)) = Z /0 E(m,y) (Lf(X(S)7 W(s))I{TDZS})dS I Lf(x,y)

ast — 0 and (z,y) € D. Thus the generator Lp of T} coincides with L on C§°(D).
Since C§°(D) is a core we have Ty = e!l'P on C§°(D).
To prove the lower bound we need only to show

1 1
litminf 7 log P{ sup [W(s) — X(s)| < 1} > —5/ IV f(z,y) |2z dady (2.2)
o0 s<t G

for every f € C§°(G) with |f|r =1 and K = support(f) C G being compact.
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~ We fix an open domain D in RT x R with compact closure such that K C D C
D C G. and (0,0) € D. Let pp (t; (, y)) be the density (with respect to the Lebesgue
measure) of the measure

u(A) = P{tp > t; (X (1), W(t)) € A}.

Then combining results of Azencott (1984) and Leandre (1987, e.g. Theorem 11.3),

we have

inf (, yyex PD (to; (z,y)) > 0 for some ¢, > 0, see also Stroock and Varadhan (1979).
By Markov property, for t > t,, and every f as above

P{rp 2t} = E (0,0) [ {{rp>t.1 P X (t) Wt {TD =t — to}}

> | sup(et o) € K} 0 in po (b (00)) [ So0) Py lro = ¢ to)a - dudy

2 fls sup{z® s (@y) € K} it pp(tor (2,9) /th_tufxd‘ldfcdy
x,y)E

= c/fe(tft")LDf:cdfldxdy =c<f, e(t7t°)LDf P

where the third step follows from

Paapimo 2t —to} = E @y (Irp>t-1,))
> |f1E (2.9) (f(Xth)I{mztfto}) = |f1 Ti—s, f (2, y)

and the constant ¢ does not depend on t.
We now consider the spectral structure of the self adjoint operator Lp. By
Jensen’s inequality

0 0
< felt—tlo ¢ >,,:/ e<t*to>AEf(dA)zexp{(tfto)/ )\Ef(d/\)}

—exp{(t=t) < Lnf.f >r }=exp{ — (4 =to)g [ [Vf(e.p)Pa'"dady)

Here we have used the fact that the spectral measure E;(d)) is a probability measure
due to

0
| B ==t

Hence (2.1) holds.
On the other hand, using the fact that ]P{ maxs<¢ X (s) > 2} < e for any
0 > 0 and ¢ large, we have

1 1
lim sup n log P{ max [W(s) — X(s)| <1} < limsup n logP{7p, >t}
S t—o0

t—oo

where D; = {(z,y) e R xR: 0<z<t?and |y — x| < 1}.
Next we observe

P{rp, >t} =E(0,0) | L{rp,>13Px 1) way{mp, >t — 1}
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< E (0,0 |:I{((X(1),W(l))eDt}]P)(X(l),W(l)){TDt >t— 1}}

2, .2
=C | Puyimp, >t—1}2%" exp{ -7 —;—y }dxdy
Dy

< C/ P(w,y){TDt >t — 1}$d71d$dy.
D,

Given € > 0, let D be the e-neighborhood of D; in RT x R and choose a fy € C§°(D5)
such that fyp > 0 is bounded and fy > 1 in D;. Then

/ IEJJ(90,11){7'Dt >t— 1}Id71dxdy

t

i Jo(z, y)E [fo( (t—1),W(t— 1))I{Tot>t1}:| x4 Ydady

¢

< /D I e[ Fo(XE = 1)~ 1)y 0oy |5y

=< }o,e(til)Lfo fo>=< | fol2 exp {(t —-1) sup < f,Lpsf >x }
. [fl==1, feCs (D7)

sarep{ -5 wr ] VIR )

< Cyt? exp{ —(t— 1)% St i;lengO(Ge)/Ge IV f (2, y) [Pz 1dxdy}.

Hence we have

lim sup — log]P’{ maX|W( ) — X(s)] <1}

t—o00

1
E e / V(@) dudy.
N 2‘f|7r—1 feCOO(Ge) | f( y)l Y

Letting e — 0 we have

1
lim su 10 P ma w s <1t <—= inf /V z,y)|?z? dady.
msup 7 logP{max [W(s)-X(s) <1} < -5~ inf | [VI(zy) y
(2.3)

Therefore, (2.1) follows from (2.2) and (2.3).

The case d = 1 is slightly different since the operator given by (1.12) is no longer
the generator of (X (t), W(t)) (p.416, Revuz-Yor (1991)). In this case one can write
X (t) = |Wi(t)| where W1 (t) is another 1-dimensional Brownian motion independent
of W (t). Notice that the two dimensional Brownian motion (Wi (t), W (¢)) has (1/2)A
as its generator. By the argument we proceed in the case d > 2,

: 4 Ik
tlinolo 1ogP{ max|W( s)| <1} = 5 /e, feC°°(F)/ |V f(x,y)| dzdy

where T is given by (1.9) (with d = 1, of course). A simple argument shows that the
infimum can be taken only for those f € C§°(G1) satisfying f(—x,y) = f(z,y) for all
(z,y) € T'. Therefore,

Vi@ y)l dedy = /V z,y)[2dxd
fla=1, feC°°(G)/| I (@, y)Pdady = Flamt, feooc(c IV f(z,y) [ dedy
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Hence (2.1) remains valid in the case d = 1.

It remains to show that

2

e v St dedy = 2.4
|f\7r711feC°° G)/| flz,y)["x xdy R (2.4)

Given a € > 0, we take

fe(z,y) = Cee™ " cos g(y —x)

where the constant C. > 0 is determined by |fe|r = 1. One can easily check that

2
V) Pat-ady = -+ €
G

|2 = 1. Since e is arbitrary, we have proved

by using | fe|%
2
| Vs Pat ey < (2.5)

[fl==1, f€C°° (@)

On the other hand, by the substitution g(z,y) = z(?=1/2f(z,y) we have that for
each f € C5°(G),

o d—1)2 B P
IV f(z,y)|* =2 1)IVg(ac,y)Isz( 1 L g (@, y)—(d=1)a™g(2,y) 59 (x, ).

For d > 3, we have by definition of g that lim,_o+ 27 1¢?(x,y) = 0. Note that

0
/:17 g( ,y)a g(x,y)dxdy

y+1 a oo y+1 L o
= [ [ gt Zotw e [Ty [ ) 2 gty
1 y—1 €

By using integration by parts we see that

y+1 o b
/0 T g(xyy)%g(x,y)dx

1 y+1 5 9
gre| g [ e

1
2
1 y+1 5 9
= 5/ g% (z,y)dz.
0

rz=y+1

Similarly,

/y+l 1 8 1 vt 2 2
rg(w,y) gz, y)de = —/ g (z,y)dx.
v ox 2/,

Therefore,

1
/w‘lg(%y)gg(w,y)dwdy: = | 27%g*(x,y)dady.

S
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Combining above calculation together, we have
[ 1V 5GPty
G
2 @d-1% [ 5,
= leg(ﬂs,y)l dzdy + ~— z g (x, y)dedy — (d = 1)

G G

d—1)? d-1
= [ IVatwpPasdy+ (U - 08 [ e ey
G 4 2 e

And thus for d > 3,

" g(z,y) a%g(x, y)dxdy

/ IV f (@, y)|?2? dedy > / Vy(x,y)*dzdy.

G G

Hence we obtain
Vi(z,y)? =Lizd

[fl==1, fEC‘X’(G)/ Vi@y)le Y
> 1nf / |Vg(z,y)|?dedy; g€ C3°(G) and / g*(x,y)dzdy = 1}. (2.6)
G G
In the case d = 1, (2.6) is automatically holds with equality.

_ Next we consider the problem over a larger domain with some symmetry. Let
G = {(x,y) € R?% |y — x| < 1}. By symmetry between z and y,

wt { [ Vot Pty g€ G (G) and [ ¢

(z,y)dzdy = 1}
G

= inf { [ |Vg(z,y)|*dedy; g€ Cgo(é) and / 22, y)dxdy = 1}
G

> 2inf {/é (%g(x,y))dedy; g € C;°(G) and / y)dxdy = 1}

nf{/_o; dy /yy_:l (%g(:c,y))Qda:; g€ C@O(é) and /égZ(x,y)dasdy = 1}
(2.7)

where the first equality in (2.7) needs to be justified. Let
G ={(x,y) eR* (-z,-y) €G}
Then for each g € C5°(G)
L IVate.p) sy
— [ IVote.nPdsdy+ [ Voo Pdedy
= [ IVate.nPdsdy+ [ [Vata.y)Pdody

where g(z,y) = g(—z, —y). Clearly, g € C5°(G). Let

Ag = inf {/ |Vg(x,y)|*dzdy; g€ C5°(G) and / g*(x,y)dxdy = 1}.
G

G
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Then
/ Vg(z,y)|*dedy > /\c/ g*(z, y)dzdy
G G

for every g € C3°(G). Therefore,

| IVatePdady > AG{ | sty + [ . y)dwdy}
=AG{ | s+ [ gZ(xvy)dxdy} e

if [ 9% (x,y)dedy = 1.
On the other hand, if g € C§°(G) and [, g°(x,y)dzdy = 1 satisfies

/ |Vg(z,y)|*dedy < € + A
G

we define j(z,y) € C§°(G) by j(w,y) = g(w,y)/V2 if (z,y) € G and j(w,y) =
g(—z,—y)/V2 if (z,y) € G'. Then

/ 9 (x,y)dedy = 1
G
and
[ 1Vate.)Pdody = [ [Vgla,)Pdedy < e+ Ao
G G
So
it { [ (Vg(e.)Pdedy; g€ CF(G) and [ g*ay)dody =1} < A

G G

and we finish the justification of (2.7).

Back to the estimate of the lower bound for (2.4). We start with a well known
variational identity (see, c.f., Strassen (1964))

2

hd{b/ W (2)[2dz; h e C°(—1,1) andt/ de_.1} 1.

Under a simple substitution, this gives that for any y € R and any h € C§°(y—1, y+1),

y+1
/ |P' (z)2dx > _/ z)|2dz.
y—1

Hence we have that for any g € C5°(G) with Ja 9% (z,y)dady = 1,

y+1 y+1
/ dy/ g(z,y) dz>—/ dy/ z,y)d 4

In view of (2.7),

2
inf Vf(x,y) 2zt dxd > 2.8
T /G V()| v (2.8)
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Finally, (2.4) follows from (2.5) and (2.8) and we finish the proof of Theorem 1.2.

We end this section with the following comment: From the proof of (2.8) one can
see that except the case d = 1, the infimum can not be reached. This may suggest
that the following eigenvalue problem

d—1

’/T2
Saf) + T ey = T fwy) @) €6 ad (0G) =0

does not have a solution which is reasonably smooth in G (Recall that G contains the
line segment 2z = 0 with —1 < y < 1) unless d = 1, in which case the function

™
flwy) = cos Ty — )
solves the equation. In the case d = 5, one can see that the function
J(@y) = o cos Ty —a)

solves above eigenvalue problem but f fails to be continuous at * = 0 with —1 <y < 1.

3. Limiting behaviors. Let B,(t) be a d-dimensional Brownian motion inde-
pendent of W (t). Since X 4 | Ba|2, we replace X (t) by |Bg(t)|2 in this section.

We first prove (1.3). By Theorem 1.2 and Borel-Cantelli Lemma, one can easily

show that
L loglogt
lltnigf\/ , I£1§L§<|W( s) + |Ba(s) }>— a.s.

On the other hand, let ¢, = k* and let A > /2 be fixed. By Theorem 1.2,

e
P 2 NOVG) = W) o+ 1Bals) = Baltwllel < M/

lry1
=P w B <A
{s<§?ix o W) +1Ba(s)la] < log logtkﬂ}

T E—

>P W B <A
- {I?Sai{‘ (5) +| d(s)b’ - loglogtkH

2
s
= exp{ - m log 10gtk+1}.

Consequently

L1
ZIP{ , dnax |(W(s) = W(te)) + |Ba(s) — Baltr)]2] < A loglogtkH} —

Thus it follows from Borel-Cantelli lemma that,

. loglog tx11
Y i RLAR W(s) — W(ts)) + - <\ as.
hkmlnf — tkslglgiiﬂ |(W(s) (tr)) + |Ba(s) Bd(tk)H A a.s
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Letting A — 7/2 yields

... [loglogtgi1 7r
o Yo Rt _ _ <
hkrrigéf — tkgnslgiﬂ |(W(s) — W(tr)) + |Ba(s) — Ba(ty)|| < 5 @S
Next note that
t
v/ 2t loglogty = o kL
loglogty+1

and thus by the standard laws of iterated logarithm,

[loglogt
lim [ 280841 oy [W(s)|=0 a.s.
k—o00 tr41 s<ty
[loglogt
lim | —2280kHL o |Ba(s)l2 =0 a.s.
k—oo tk-i—l s<tp

Therefore the upper bound of (1.3) in Theorem 1.1 follows from

and

max1 |W(S) + |Bd(5)|2|

s<tp4
< max |[(W(s) = W(ty)) + |Ba(s) — Ba(tx)|2| + max |[W(s)| + max |Bqa(s)|o-
U <s<tp+1 s<tk s<ty

We finished the proof of (1.3) in Theorem 1.1.
To prove (1.1) and (1.2) in Theorem 1.1, we need some upper tail estimates. First
we show that

Ali_{rolo A2 1og]P’{ max (W(t) +|Ba(t)]2) > >\}

1
— 3 -2 > = —— .
Jim A 1ogP{W(1) ¥ [Ba(1)]2 > )\} ; (3.1)

and
lim /\—2log19>{ mae (= W(1) = |Ba(t)]2) > )\}
1
= lim A2 - - > A =2, .
Jim A log]P’{ W (1) — |Ba(1)2 > A} : (3.2)
Consider (W, By) as a Gaussian random element in C{[0,1], R}, Tt follows

from standard large deviation estimate,

lim A 2logP{\"Y(W,By) € F} < — inf I(x,
M Ao PO IN By € Fy < = (I Trw)

for each close set F € C{[0,1], R*"'} and

. _9 1 SO
AILITOIOA logP{\""(W,B,) € G} > (xgl)fecf(:c,y)

for each open set G € C{[0,1], R*"'}, where

I(z,y) = %/01 {\y‘(t)|2 + Zi: |x'j(t)|2}.
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Thus by contraction principle we only need to show

1
inf I(z,y) = inf I(z,y) =— (3.3)
max,<1 (y(t)+\z(t)|2):1 y(1)+|z(1)|2=1 4
and
inf I(z,y) = inf I(z,y) = 1 (3.4)
maso<1 (—y(t)—la(t)]) =1 ’ —y(V)—|z(1)=1 2
Note that

d 1
max (u(0) + [2(0)2) < max vV (1wOF + Y les0F) " <210,

On the other hand,

y(1) +[z(1)]2 = 2¢/I(2,y)

by taking y(t) = z1(t) = --- = 24(t) = ct for some positive constant. Hence (3.3)
holds.
Similarly, we have

o)~ el < —u0) < ([ 10F)" < Vi
and,

—y(1) = [l = VI(z,y)
by taking y(t) = —ct and x1(t) = --- = z4(t) = 0. Hence (3.4) holds.
For any r > 1, the upper bounds in (3.1) gives that

"B mmax (W(s) + [Bas)ls) > (2 -+ )/rFloglog ¥ | < o

= s<rk
for any r > 1. So Borel-Cantelli Lemma gives that

1
lim sup max (W(s) + |Ba(s)]2) <2 a.s.

k—oo +/Tkloglogrk s<rk

By making r > 1 arbitrarily close to 1 we obtain the upper bound of (1.1) by a
standard deterministic estimate. Notice that the obvious relation W (t)+X (t) > W (¢)
and the law of the iterated logarithm for Brownian motions give the lower bounds for
(1.2). By the lower bounds in (3.1) and (3.2), given € > 0,

SOR{(WEHT) = W) + (Bt ) = Ba(r)le = (2 - v/ T loglog i1} = o

k

S (W) =W () +Ba(r )= Balr*) 2 < ~(v2—) /i loglog 177} = oc

k
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for sufficiently large r > 1. By independence and Borel-Cantelli Lemma,

. 1
lim sup

k—oo /rFt1loglogrk+!

[ W(rkH)—W(rk))+|Bd(7“k+1)—Bd(7"k)|2] >2—€ a.s.

lim inf ! [ W(rkJrl)fW(Tk))+|Bd(7‘k+1)de(rk)|2} < —V2+e  as.

k—oo 4 /rk+l]oglogrktl

From the classic law of the iterated logarithm,

1
lim sup (IW ()| + |Ba(r™)]2) < 2v/2r~1/2

k—oo 4/Tktlloglogrk+l

Since r > 1 can be arbitrarily large and € > 0 can be arbitrarily small, we have the
lower bound of (1.1) and the upper bound of (1.2).
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